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The existing theory of hard exclusive QCD processes is based on two assumptions: (i)
factorization into a hard block times light front amplitudes (or wave functions); (ii) use of
perturbative gluon exchanges within the hard block. However, unlike DIS and jet physics,
the characteristic momentum transfer Q involved in the factorized block is not large enough
for this theory to be phenomenologically successful. In this work, we revisit the latter
assumption (ii), by explicitly calculating the instanton-induced contributions to the hard
block, and show that they contribute substantially to the vector and scalar form factors of
the pseudoscalar and vector mesons, over a wide range of momentum transfer.
I. INTRODUCTION
A. The main goals and plan of the paper
The field of hadronic physics going back to the pioneering theoretical and experimental
works of the 1960’s, continues to be a field of active development till today. Remarkably,
it remains still deeply divided along two conceptually different approaches.
One approach is focused on the nontrivial vacuum properties, with more specifically the
central aspects of chiral symmetry breaking and confinement. The discovery of instantons
and the development of numerical lattice gauge theory have put the Euclidean formulation
of QCD at the center stage. The theory and phenomenology of multiple Euclidean correla-
tion functions, became the primary source of information about quark-quark interactions.
The inter-relation of perturbative and nonperturbative contributions in various channels,
as a function of the distance between the operators, were clarified already in 1990’s (see
e.g. a review [1]). Models, with “constituent quark” masses, confining and “residual”
4-fermion forces, provided a good description of most aspects of hadronic spectroscopy.
More recently, the discussion has shifted to the properties of operators made of 4-, 5- and
6-quarks and their mixture with gluons.
Another approach is focused on partonic physics, with more specifically inclusive and
exclusive reactions. The reader hardly needs to be reminded of the importance of deep
inelastic scattering (DIS) and jet physics, where perturbatively calculated hard cross sec-
tions are assumed to factor out from the structure and fragmentation functions, which are
empirically fitted to large sample of data. These functions, defined on a light front, are
not readily amenable to an Euclidean formulation. The light front distribution amplitudes
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2and functions of the lightest hadrons have been discussed in the context of the QCD sum
rules [2], bottom-up holographic models [3], bound state resummations [4], basis light front
quantization [5, 6], and covariant constituent quark models [7–9]. Recently, an Euclidean
formulation was put forth to extract the light front distributions from equal-time quasi-
distributions [10, 11]. Its implementation on the lattice [12], and in the random instanton
vacuum model [13] have been reasonably successful, providing a first principle approach.
The theory of exclusive QCD reactions (the object of this work) follows a similar rea-
soning, see [14–16]. It is again based on two assumptions:
(i) the separation of scales, based on the assumption that the momentum transfer Q (the
scale in the “hard block”), is large compared to the typical quark mass and transverse
momenta inside hadrons; (ii) that the “hard block” can be calculated perturbatively using
gluon exchanges.
However, the theory based on these two assumptions is insofar not successful phe-
nomenologically. In particular, in the domain of Q in which experimental and lattice
results are available, the mesonic form factors, while approximately ∼ 1/Q2, are well
above the one-gluon exchange predictions. This should not be surprising, as there is an
important difference between the scales in DIS and jet physics on one hand, and exclusive
processes on the other. The former operates in the range Q2 = 102 − 104 GeV2, while
exclusive processes we study so far in a different range, Q2 = 2 − 10 GeV2 (sometimes
called semi-hard domain).
We accept the assumption (i) mentioned above: the Q2 scale is indeed large compared
to the typical squared transverse momentum 〈p2⊥〉 ∼ 0.1 GeV2 within a hadron, or the
constituent quark mass M2 ∼ 0.1 − 0.15 GeV2. In the Breit frame description of form
factors, conventional “collinear” kinematics should still hold. So we still have a notion of
a “hard block operator”, sandwiched between two wave functions. Yet we do not accept the
second assumption (ii), showing that at such momentum transfer Q, the nonperturbative
quark interactions are not at all negligible in comparison to gluon exchanges. Therefore a
purely perturbative treatment of the “hard block” needs to be appended by calculations of
leading nonperturbative contributions, and this paper makes the first steps in this direction.
Among various exclusive reactions, the recent literature is focused mainly on decays
of heavy quark mesons such as D- and B-mesons, much studied at electron colliders.
However, in this work we restrict our analysis to only elastic form factors of light mesons.
We will consider two types of “hard blocks”, induced either by virtual photons or scalars.
(Of course, scattering of Higgs bosons cannot be experimentally achieved, but it has been
studied on the lattice, and it is rather interesting.)
The outline of the paper is as follows: the next introductory section compares the
magnitude of one-gluon exchange with a generic 4-fermion interaction of the Nambu-Jona-
Lasinio type, to get an initial qualitative idea on the relative strength of the perturbative
and nonperturbative effects. Obviously, the role of nonperturbative contributions goes
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FIG. 1. The perturbative one-gluon exchange diagrams: (a) explains our notations for momenta
of quarks and mesons. The thin solid lines are free quark propagators, the red star indicates the
virtual photon (or scalar) vertex, bringing in large momentum qµ, and the shaded ovals represent
the (light-front) mesonic density matrices (distributions). The diagram (b) indicates a “Born-
style contribution”, in which the gluon propagator is substituted by the Fourier transform of the
instanton field. The diagrams (c,d) contain three propagators in the instanton background (thick
lines). In (c) all of them are SNZ , made of nonzero Dirac modes, while in (d) two of them are SZ
made of quark zero modes. This last contribution we will refer to as the “’t Hooft-style term”.)
down at larger momentum transfer. This section also includes a subsection I C with a
brief introduction to instanton effects and related parameters.
Since the paper contains a lot of technical details, not so important for a first reading,
we decided to collect all the results for the pion and rho meson in section II. The actual
calculations start from the perturbative ones in section III A. Part of it is well known but
it also has new contributions from meson’s chirally non-diagonal contribution proportional
to χ2pi/Q
2, for the exact definition see (101). As discussed in subsection III E, these results
can be generalized to a large set of effective 4-quark scattering operators, as a substitute
for one-gluon exchange. A simple warm-up calculation of this kind consists in taking the
4Fourier transform of the instanton field instead of a gluon propagator, as discussed in
section III F. We do not consider such approach internally consistent, and for this reason
we will not include it in the ”results” section.
The core calculations of the instanton-induced effects are collected in section IV. We
start by explaining the LSZ procedure, whereby full multiple quark propagators in the
instanton field are amputated from their trivial free propagation, and leading to hard
block operators. We discuss separately the contributions to propagators due the Dirac
zero modes and the Dirac non-zero modes.
Section V contains a discussion of the mesonic light cone amplitudes (also called dis-
tributions or wave functions). Following a brief review of the literature, we introduce the
pion and rho meson amplitudes with both chiral contributions consistent with the parity
assignments, which we use consistently in the calculations. The paper ends with a discus-
sion section, in which the phenomenological and current lattice results about the mesonic
form factors are compared. A number of Appendices are added to include more technical
details of the calculations.
B. Comparing the one-gluon exchange with the 4-fermion interaction of the
Nambu-Jona-Lasinio model
Historically, the 1961 paper by Nambu and Jona-Lasinio [17] was the first breakthrough,
that established the notion of chiral symmetry of the strong interactions, as well as its
spontaneous breaking. Furthermore, it also suggested a particular mechanism for it to
occur, by postulating the existence of a certain 4-fermion interaction with a given cou-
pling GNJL, strong enough to make a superconductor-like gap in the fermionic vacuum.
The second important parameter of the model is the UV cutoff ΛNJL ∼ 1 GeV, below
which their hypothetical attractive 4-fermion interaction operates. Their magnitude were
determined from the empirical quark condensate and pion properties [18], for a review see
[19].
With time there were many application of the NJL model with different operators and
parameters. For definiteness we use the parameter set from Ref.[20] (and other papers
of the same authors) as an example. Those were consistently used for the description of
aspects of chiral symmetry breaking, such as the quark constituent masses, the pion and
kaon masses, and those of other bound states like nucleons (made of a constituent quark
and a diquark). The central part to all NJL applications is the so called “gap equation”
for the effective quark mass
M = m+
3GNJLM
pi2
∫ 1/Λ2IR
1/Λ2UV
dτ
τ2
e−τM
2
(1)
where m is the current quark mass, and M the constituent quark mass following from (1).
5Note that when m = 0, M 6= 0 cancels out in the l.h.s. and the r.h.s, and remains only in
the (regulated) loop integral. For the input parameters used in these works
GNJL = 19 GeV
−2, ΛIR = 0.24 GeV, ΛUV = 0.645 GeV (2)
the constituent mass is found to be M ≈ 0.4 GeV, close to half of the mass of the “usual”
ρ meson mass or 1/3 of the ∆ baryon mass.
For an estimate, it is useful to use the magnitude of the NJL nonperturbative force,
and compare it to the force from one-gluon exchange or Fgluon(k
2) = g2/k2. For a typical
exchange within a meson with
k2 = xxQ2 ≈ Q2/4 (3)
the ratio of the NJL to gluon exchange forces is
GNJL
Fgluon
exp
(
− k
2
Λ2UV
)
(4)
where we assumed a Gaussian or exponential form factor with ΛUV . Fig. 2 shows the
dependence of (4) on Q2. While this ratio drops towards large momenta due to the form
factors, the ratio remains above one in a wide range of momentum transfers.
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FIG. 2. The ratio of the nonperturbative-to-perturbative 4-fermion effective vertex (4), with a
Gaussian form factor (solid) and exponential form factor (dashed), versus the momentum transfer
squared Q2 (GeV2).
6Thus, on a qualitative level one may think that the puzzling large value of the form
factors at intermediate Q can perhaps be understood, by adding to the perturbative dia-
gram Fig.1(a) the nonperturbative diagram (b), with the NJL effective quark scattering
of appropriate magnitude.
However, it is impossible to do it consistently. The electromagnetic or scalar vertex
(indicated by stars in this figure) may occur well inside the cutoff region (indicated by a
blue circle, diagram (c)) with strong nonperturbative fields, and the hypothetical nature
of the local NJL interaction provides no obvious clues on how to handle propagation in
it. For the minimal vector insertion, one may argue for gauge invariance to compensate
for the lack-thereof in the presence of a non-local 4- or 6-quark interaction [21], but this
contraint does not ensure quantum UA(1) explicit breaking (see below), and does not
extend consistently to the scalar vertices. So all in all, one needs a more microscopic
approach, providing a consistent description of quark propagation in the nonperturbative
backgrounds.
C. Brief introduction to instanton effects
So far we focused on the (historically first) nonperturbative approach to physics of chiral
symmetry breaking, namely the NJL model. With the advent of QCD in 1970′s, this
hypothetical interaction between quarks obtained more fundamental explanation which
came from the understanding of gauge topology, Chern-Simons number and topological
tunneling events, semiclassically described by instantons [22]. As discovered by t’Hooft
[23], instantons indeed generate 4- and 6-fermion effective interactions of quarks. Those
qualitatively differ from the NJL operator in the fact that they explicitly violate UA(1)
chiral symmetry, see below. By the end of 1970’s most ingredients of the instanton theory
– fermionic zero modes and the propagators in the instanton field we will be using – were
constructed [24].
In 1980’s the main question then was whether those instanton-induced inter-quark
forces are strong enough to generate chiral symmetry breaking. Assuming it is so, one of
us [25] developed the so called instanton liquid model (ILM), using as inputs the values
of the quark and gluon condensates. It assumes that the instanton ensemble have the
following parameters
nI+I¯ ≈ 1 fm−4, ρ ∼ 1/3 fm ∼ 1/(0.6 GeV) (5)
for the instanton plus anti-instanton density and size, respectively. Their combination
known as the diluteness parameter of the instanton ensemble is defined by
κ ≡ pi2ρ4nI+I¯ (6)
7These two parameters of the ILM correlates well with the parameters of the NJL model,
in particular the size ρ corresponds to the inverse UV cutoff. Years later, these parame-
ters were confirmed, both by lattice studies and numerical simulation of the Interacting
Instanton Liquid Model of the ensemble, for a review see [26].
For a qualitative orientation, let us mention the color summed field strength of these
fields inside the instantons (
Gaµν(x)
)2
=
192ρ4
(x2 + ρ2)4
(7)
Its magnitude at the center of a typical instanton is surprisingly large√(
Gaµν(0)
)2
=
√
192/ρ2 ≈ 5 GeV2
Note, that this is comparable to the the scale of the momentum transfer ∼ Q/2 between
quarks, in the form factors under consideration. (Note also, that it is larger than the
charm quark mass squared m2c ≈ 2 GeV2. At the end of the paper we will speculate that
our results can be extrapolated in quark mass not only to the strange ones, but even to
form factors of charmonia.)
Instanton fields were incorporated directly into many physical effects. The simplest are
the heavy quark potentials [27] and high energy scattering [28], in which quark trajectories
can be described by straight lines. Many more applications follow from t’Hooft effective
Lagrangian [23], following from zero modes of the Dirac equation in the instanton back-
ground field, as briefly recalled in Appendix C. It is important to note that the existence
of zero modes is a consequence of topological theorems, and cannot be changed by any
smooth deformation of the instanton field.
The multi-quark effective Lagrangian for two quark flavors (Nf = 2) consists of certain
4-quark operators. Like the NJL interaction, they preserve SU(Nf ) chiral symmetry, but
unlike the NJL interaction, they explicitly violate the UA(1) chiral symmetry. While
in “mesonic” notations, with σ ≡ (q¯q), ~pi ≡ (q¯iγ5~τq), η ≡ (q¯iγ5q), ~δ ≡ (q¯~τq), the NJL
Lagrangian has the structure
LNJL ∼ (~pi2 + σ2) (8)
the instanton-induced one has the structure (Nf = 2)
LtHooft ∼ (~pi2 + σ2 − ~δ2 − η2) (9)
It is the minus sign of the last two terms which indicates the explicit breaking of UA(1).
Therefore in the η channel (called eta′ for three flavors and in PDG meson tables) the
interaction is not attractive but repulsive, making it heavy. In passing, we also note that
8the light-front wave function of the η′ was recently calculated in [6], see Fig.12, and it is
drastically different from that of the pions.)
With the original ILM parameters, the diluteness parameter is κ ∼ 1/10, and multi-
ple lattice studies using “deep cooling” towards the action minima have reproduced this
value. This conclusion however was put in doubt by some more recent studies, which
studied the dependence on the cooling time by extrapolating to its zero value time (that
is, to the quantum vacuum itself). This dependence is related to instanton-antiinstanton
annihilation processes during cooling. As a result, they suggested a larger value for κ.
In particular, the lattice study [29] focused on the instanton contribution to 3- and
4-point Green functions in the full quantum vacuum and with cooling. Their original
motivation was to extract the gluon coupling αs(k), so the observable on which this work
was focused is the the ratio of the 3-point to 2-point Green function (in configurations
transformed to Landau gauge)
αMOM (k) =
k6
4pi
〈G(3)(k2)〉2
〈G(2)(k2)〉3 (10)
In the “uncooled” quantum vacuum (with gluons) the effective coupling starts running
downward at large k > 1 GeV, as required by asymptotic freedom. However at low k → 0,
one finds a persisting positive power of k, with a slope that matches exactly the one
following from an instanton ensemble [30]
αMOM (k)→ k
4
18pin
(11)
Furthermore, after cooling for different cooling time τ , it was observed that the same
power spreads to all momenta, even for k > 1 GeV. This corresponds to the expectation
that cooling eliminates perturbative gluons (the plain waves) but preserves (certain time-
dependent fraction) of instantons.
Not going into the details of this analysis, we just mention their main conclusion: the
total instanton density (extrapolated to zero cooling time) is n ∼ 10 fm−4, an order of
magnitude larger than in the original ILM. In order words, this analysis suggests that
the vacuum instanton diluteness parameter (6) is actually not small, but rather large
κ ∼ 1. This conclusion does not in fact contradict our understanding of the underlying of
chiral symmetry breaking and the parameters of the ILM, since this large density includes
close II¯ pairs, with zero topological charge. Those make little effect on chiral symmetry
breaking observables and thus were not included in ILM. However, their internal gauge
fields are still strong, and should affect nonperturbative quark scattering of the type we
discuss in this paper.
9II. RESULTS
In this paper we consider a larger set of form factors than it is usually done in the
available literature. In particular, we discuss both the pseudoscalar and vector mesons, and
include in the distribution functions both chiral structures allowed by parity. We calculate
the contributions to the hard block corresponding to all four diagrams of Fig.1. Specifically,
those are: (a) the perturbative one-gluon exchange; (b) the Born- style contribution of
the instanton gauge field; (c) the contribution of the nonzero mode quark propagators
in the instanton background; (d) the contribution of the instanton zero modes to the
propagators, or t’Hooft effective 4-fermion quark interaction.
There are many technical details about these contributions, the relative values of the
various parameters, etc., all of which are relegated to subsequent sections. Therefore, we
decided to present the final results first, with the step-by-step derivation to be given later
in the paper. Here we do not discuss the subleading contributions, the uncertainties of all
parameters involved, etc. For that one has to read the paper in full. Also, the discussion
of the various (light-front) wave functions (distributions), will be discussed in section V. In
order to avoid too many plots, we selected a single “reasonable” example for the light-front
distributions of the pion and rho mesons. For the former is is just a “flat” distribution,
and for the latter we use a simple parametrization
ϕ(ξ) ∼ exp
(
− 0.7
1− ξ2
)
(12)
with ξ = x− x¯, the difference between the quark and antiquark momentum fractions.
We discuss two types of elastic mesonic form factors: (a) the vector ones, associated
with hard scattering of a photon; and (b) the scalar ones, associated with scattering via
a Higgs boson exchange. The corresponding hard block operators are not the same, so
for each meson we have two hard block operators, for brevity called vector and scalar
ones. In this section we report results for three contributions to each of them, of diagrams
(a,c,d).
Out of all formulae in this section, the only part (to our knowledge) derived in literature
long ago [14–16] is the first term of (13), with the chirality-diagonal distribution functions.
A. Vector form factors of the pseudoscalar mesons
We will keep the notations of the contributions as explained in Fig.1. For example,
the (photon-induced) vector scattering amplitude on the pion, with perturbative one-gluon
exchange will be referred to as V pia , and reads explicitly
10
V pia (Q
2) = µ(q)(p
µ + p′µ) (eu + ed)
(
2CFpiαsf
2
pi
NcQ2
)∫
dx1dx2
×
[
ϕpi(x1)ϕpi(x2)
x¯1x¯2 +m2gluon/Q
2
+
χ2pi
Q2
(
ϕ˜pi(x1)ϕ˜pi(x2)
x¯1x¯2 +m2gluon/Q
2
)(
1
x¯1 + E2⊥/Q2
+
1
x¯2 + E2⊥/Q2
− 2
)]
(13)
Here we show explicitly the electromagnetic charges eu = 2/3, ed = 1/3, although of
course the total charge of a positive pion is eu+ ed = 1. The color matrices give the factor
CF = (N
2
c − 1)/2Nc = 4/3 with Nc = 3 number of colors. The large spacelike photon
momentum is qµ and qµq
µ = −Q2 < 0. The photon polarization vector is µ(q), with
µq
µ = 0. The momenta of the initial and final mesons are called p and p′. The pion
decay constant is fpi ≈ 133 MeV, it characterizes the wave function at the origin in the
transverse plane, r⊥ = 0. For the pion distribution we use the expression (101) which
includes not only the chirally diagonal part of the distribution ϕpi(x) but also the chirally
non-diagonal one ϕ˜pi(x). Both depend only on the longitudinal momentum fraction x of
one of the quarks only. They are assumed to correspond to a 2-body sector of the full
wave function. The regulation of the expression is discussed in section III B, where the
relative magnitude of both chiral contributions are compared. Here the bar indicates that
the momentum fractions are those of antiquarks, x¯i ≡ 1− xi. In terms of the asymmetry
parameters, these variables read as xi = (1 + ξi)/2, x¯i = (1− ξi)/2. The regulators are the
gluon mass and quark “transverse energy”.
Note that the first term in (13) is well known, but the second term ∼ χ2pi/Q2 is new,
to our knowledge in the asymptotic analysis. We will keep it since χpi is not small, unlike
the masses and transverse momenta. We note further that the last bracket in that term
averages to a positive contributions, as it will be shown in the summary plot Fig. 3.
The contribution we call the Born-like instanton contribution V pib has the same traces
and, as explained in section III F, can be obtained by substituting in V pia the Fourier
transforms of the instanton gauge field (38) instead of the gluon propagator, with
piαs(Q/2)→ κ
〈
G2(Qρ
√
x1x2)
〉
(14)
and is therefore
V pib (Q
2) = µ(q)(p
µ + p′µ) (eu + ed)
(
2CFκf
2
pi
NcQ2
)∫
dx1dx2
〈
G2(Qρ
√
x1x2)
〉
×
[
ϕpi(x1)ϕpi(x2)
x¯1x¯2 +m2gluon/Q
2
+
χ2pi
Q2
(
ϕ˜pi(x1)ϕ˜pi(x2)
x¯1x¯2 +m2gluon/Q
2
)(
1
x¯1 + E2⊥/Q2
+
1
x¯2 + E2⊥/Q2
− 2
)]
(15)
11
The instanton induced form factor G is given in (38). The angular brackets indicate
averaging over the instanton size.
The contribution V pic , with three non-zero mode propagators, are discussed in section
IV A with the result
V pic =µ(q)(p
µ + p′µ) (eu + ed)
κpi2ρ2f2piχ
2
pi
NcM2
〈GV (Qρ)〉
∫
dxϕ˜pi(x)x
The function GV is given in (54). Again, the angular brackets indicate that it is averaged
over the instanton size distribution, as explained in section IV H. There is only a single
integral over the distribution ϕ˜pi, since the other one coincides with the normalization and
is just 1.
The contribution of the zero mode (’t Hooft vertex) part to the vector pion form factor
is zero, see section IV D and (86)
V pid = 0 (16)
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FIG. 3. The vector form factors of the pion times the squared momentum transfer,
Q2Fpi(Q
2) (GeV 2) versus Q2(GeV 2). The closed discs show the total perturbative contribution.
The squares correspond to the instanton contribution from the nonzero mode propagators. The
dotted line above is their sum. The curve in the l.h.s. is the usual dipole formula, and the open
points are from the experimental measurements. We do not show the data points at smaller Q2,
where the dots agree with the dipole formula curve.
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The summary plot of the vector pion form factor is shown in Fig.3, for identical and
flat distributions ϕpi(x) = ϕ˜pi(x) = 1. The perturbative contributions V
pi
a (closed circles) is
the sum of both chiral structures of the pion density matrices. The corresponding integrals
for each of them separately are shown in Fig.7, from which it is seen that the novel chiral-
nondiagonal term is about twice larger than the traditional chiral-diagonal one in the
range of momenta considered.
The instanton Born-style contributions to V pib is relatively close to V
pi
a if the instanton
diluteness parameter is κ = 1. (For a discussion of its value see the end of section I C.) To
avoid any misunderstanding, we note that the V pib conribution does not really constitute
a consistent account for the instanton effects, as are V pic , V
pi
d , and therefore is not shown
in the summary plot.
The instanton-induced contribution V pic (squares) at κ = 1 is comparable to the per-
turbative V pia in magnitude, but has a different (decreasing) dependence on Q
2. Taken
together (dots) they account for the pion form factor for the corresponding values of Q2,
reasonably well joining the experimental data at the lower end. We stress that this is not
a fit: no parameter was specially tuned for this to happen.
B. Scalar form factors of the pseudoscalar mesons
One may think of a point-like scalar quantum, hitting one of the quarks with momentum
transfer qµ to be the Higgs boson. If so, the corresponding couplings are Yukawa couplings
λq of the standard model: but, of course, these couplings are unimportant for the form
factors. (E.g. lattice groups use for convenience λu = 1, λd = 0). With this in mind, the
corresponding amplitude of the elastic scattering on a pion, with a perturbative one-gluon
exchange between quarks, leads to the following scattering amplitude
Spia = −(λu + λd)
[(
2piCFαsf
2
piχpi
NcQ2
) ∫ 1
0
dx1dx2 ϕpi+(x1)ϕ˜pi+(x2)
×
(
1
x1x2 +m2gluon/Q
2
)(
1 +
1
x1 + E2⊥/Q2
+
1
x2 + E2⊥/Q2
)]
(17)
An additional contribution proportional to the quark mass M instead of χpi, is explicitly
given in (32), but because it is subleading it is not mentioned here. Note also that the
scalar amplitudes have negative overall sign, which really does not matter as the couplings
λq are arbitrary. This sign of course does not affect the contribution to the form factor as
captured by the square bracket. The Born-like instanton contribution to the scalar pion
scattering, Spib , is obtained by the same substitution (14) to S
pi
a and is therefore not shown
here.
The contribution of the instanton-induced diagram (c) (three nonzero mode propaga-
tors) is
13
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FIG. 4. The scalar formfactors of the pion times momentum transfer squared , Q2FSpi (Q
2) (GeV 2)
versus Q2, (GeV 2). Black closed points is the perturvative contribution, Black squares correspond
to the instanton contribution of three non-zero mode propagators.
Spic (Q
2) =−(λu + λd)MQ
(
κpi2ρ2f2pi
2Nc
)
χpi
MQ
〈GS(Qρ)〉
∫ 1
0
dx1dx2
×
[(
ϕpi+(x1)ϕ˜pi+(x2)
(
1
x1
+
Q2
M2Q
x2
)
+ ϕ˜pi+(x1)ϕpi+(x2)
(
1
x2
+
Q2
M2Q
x1
)]
(18)
Note that unlike V pic (16), here there is another form factor GS , see (56), which is a part
of GV .
The contribution from the zero modes ’t Hooft vertex vanishes, as shown in (88)
Spid (Q
2) = 0 (19)
The perturbative and instanton contributions to the scalar form factor of the pion are
shown in Fig.4 versus Q2. Again, one finds them to be comparable in magnitude but quite
different in their Q dependence.
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C. Form factors of transversely polarized vector mesons
The transversely polarized rho meson form factors are both electric and magnetic (see
below). For simplicity, we quote here the contribution to the electric or charge form factor
by choosing the transverse polarization T (p, p
′) of the ρT with momentum p, p′ to be also
transverse to q, or T (p, p
′) · q = 0.
The perturbative contribution (a) for the transversely polarized rho vector form factor
is formally subleading (containing an extra factor of m2ρ/Q
2), like the χ2pi/Q
2 contribution
in the second term of V pia , and is found to be
V ρa (Q
2) =−µ(q)(pµ + p′µ) (eu + ed) (∗T · ′T )
[(
2piCFαsf
2
ρm
2
ρ
NcQ4
)
×
∫ 1
0
dx1dx2
(
ϕρT (x1)ϕρT (x2)
x¯1x¯2 +m2gluon/Q
2
)(
1
x¯1 + E2⊥/Q2
+
1
x¯2 + E2⊥/Q2
− 2
)]
(20)
Note that the overall minus sign here does not mean that this contribution is negative,
since the product of two polarization vectors is negative ∗T · ′T < 0 in the Minkowski
metric used here. The Born-like instanton contribution to the rho vector form factor V ρb
is also given by the substitution (14) to V ρa , and is thus not given. Similarly, the scalar
form factor of the transverse rho meson is found to be leading
Sρa(Q
2) =+(λu + λd)MQ (
∗
T · ′T )
[(
piCFαs
Nc
mρfρf˜ρ
MQQ2
)
×
∫
dx1dx2
1
x1x2 +m2gluon/Q
2
( ϕ˜ρ+T (x1)ϕρ+T (x2)
x1 + E2⊥/Q2
+
ϕρ+T
(x1)ϕ˜ρ+T
(x2)
x2 + E2⊥/Q2
)]
(21)
The contribution of the non-zero mode propagators to rho meson vector form factor is
V ρc (Q
2) =−µ(q)(pµ + p′µ) (∗T · ′T ) (eu + ed)
[
κ(piρ)2f˜2ρ
Nc
〈GV (Qρ)〉
×
∫ 1
0
dx1dx2
((
1
x1
+
1
x2
)
ϕ˜ρ+T
(x1)ϕ˜ρ+T
(x2) +
f2ρm
2
ρ
2f˜2ρM
2
Q
ϕρ+T
(x1)ϕρ+T
(x2) (x1 + x2)
)]
(22)
and the contribution to the rho meson scalar form factor is
Sρc (Q
2) = +(λu + λd) (
∗
T · ′T )
[(
κ(piρ)2fρf˜ρ
2Nc
mρ
MQ
)
〈GS(Qρ)〉
×
∫
dx1dx2
(
ϕρ+T
(x1)ϕ˜ρ+T
(x2)
(
1
x2
+
Q2
2M2Q
x1
)
+ ϕρ+T
(x2)ϕ˜ρ+T
(x1)
)(
1
x1
+
Q2
2M2Q
x2
)]
(23)
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FIG. 5. The vector form factors of the transversely polarized rho meson, times the momentum
transfer squared , Q2FSpi (Q
2) (GeV2) versus Q2, (GeV2). The black closed points show the pertur-
bative contribution, the black triangles correspond to the instanton zero mode (’t Hooft vertex)
contribution, and the squares are the contribution of non-zero mode propagators.
The contribution of the ’t Hooft vertex to the vector form factor of the transversely
polarized rho is detailed in (90) with the result
V ρd (Q
2) = −(eu + ed)
(
µ(q)(p
µ + p′µ) ∗T · ′T
)[(
QρK1(Qρ)
)(
2κpi2
N2c (Nc + 1)
f˜2ρ
M2Q
)]
(24)
The contribution of the ’t Hooft vertex to the scalar form factor of the transversely
polarized rho vanishes as detailed in (91)
Sρd(Q
2) = 0 (25)
Completing this section, let us summarize the lessons from these four plots. The first
conclusion stemming from all of them, is that the instanton effects are indeed comparable
to the perturbative ones in magnitude. The second conclusion is that they have rather
different Q-dependence. So, once the data for these form factors are known, one would be
able to tell them apart.
We recall that the absolute normalization of the instanton-induced effects (squares and
triangles in the previous 4 plots) remains rather uncertain. The value κ = 1 we use is on
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FIG. 6. The scalar form factors of the transversely polarized rho meson, times the momentum
transfer squared , Q2FSpi (Q
2) (GeV2) versus Q2(GeV)2. The black closed points stand for the
perturbative contribution, the black squares follow from the instanton contribution of the three
non-zero mode propagators.
the upper side, and the quark mass in the denominators Mdenom = 0.2 GeV = 1 fm
−1 is a
“reasonable guess”. Therefore, with better knowledge of the gauge topology, the instanton
curves can be modified. Still, the relative normalization of the instanton contributions in
different channels is well defined.
We have found that the zero modes (associated with the ’t Hooft effective Lagrangian)
contribute to one case only, the vector form factor of the vector rho meson V ρd . It is
contrary to the fact that the ’t Hooft interaction in fact dominates in the formation of
the pion wave function, while it is hardly important for the wave function of the vector
mesons. Here is a lesson: the hard block and the wave functions are two different objects
indeed.
We end this section by noting that the hard block is not sensitive to the quark mass, as
it was assumed that Q2  m2q . Therefore, going from the pion to ηs and perhaps even ηc
(in the appropriate kinematic range) one only need to change the wave functions and the
decay constant fpi → fηs. We will discuss the comparison to lattice data in section VI B.
17
III. PERTURBATIVE AND BORN-INSTANTON CALCULATIONS AS
WARM-UPS
A. The one-gluon exchange contributions
Some of these results have been known for decades, but we still present their derivation,
for completeness. In doing so, we find find that a significant part of the pion density matrix
was not included in earlier works, obviously both needs to be treated consistently together.
The one-gluon exchange contribution to the mesonic form factor is illustrated in
Fig. 1(a), where also the definition of the momenta involved is also given (see also
Appendix A). Of course, Fig. 1(a) is one of four diagrams, with a photon insertion ap-
pearing on the upper line of the u-quark before the gluon vertex. In the Breit frame,
the space-like photon carries q = (0, 0, Q, 0), with the energy as the 4-th component.
The incoming pion carries p = (0, 0, Q/2,
√
m2pi + (Q/2)
2) and the outgoing pion carries
p′ = (0, 0,−Q/2,√m2pi + (Q/2)2). We will however ignore the pion mass mpi in the energy,
by approximating the latter by Q/2 in the hard momentum limit.
The quark momenta should not be directed strictly along the direction of the meson
momentum, as they carry some nonzero transverse momenta ~k⊥ 6= 0 in the wave functions.
However, we will systematically ignore these contributions. The distribution over k⊥ will
appear only in the form of the probability to find both quarks at the same transverse
location, in the form of constants like f2pi . Therefore, we will approximate the quark
momenta as simply proportional to the mesonic ones kµ1 = x1p
µ etc. In the two-body
sector of the mesonic wave function, the longitudinal momentum fraction of the anti-quark
is just x1,2 = 1− x1,2 ≤ 1.
The contributions of four perturbative diagrams of type (a) are
eu
( − gµν
(k1 − k2)2
)(
u(k2)gsT
a γµSu(k1 + p
′) (q) · γu(k1)
)(
d(k1)gsT
aγνd(k1)
)
+eu
( − gµν
(k1 − k2)2
)(
u(k2)(q) · γ Su(k2 + p) gsT a γµu(k1)
)(
d(k1)gsT
aγνd(k1)
)
+ed
( − gµν
(k1 − k2)2
)(
u(k2)gsT
aγµu(k1)
)(
d(k1)gsT
aγνSd(k2 − p)(q) · γu(k2)
)
+ed
( − gµν
(k1 − k2)2
)(
u(k2)gsT
aγµu(k1)
)(
d(k1)(q) · γSd(k1 − p′)gsT aγν(k2)
)
(26)
with the usual free quark propagators Sf (p) = 1/(/p −mf ). Note that the diagram 1(a)
corresponds to the second line. Here (q) · γ is the convolution of the photon polariza-
tion vector µ with gamma matrices, for brevity indicated by a slash. The propagator
denominators of the exchanged gluon simplify in the hard momentum limit as follows
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(k1 − k2)2 = −x1x2Q2 −
√
2q(x1k
−
1 + x2k
+
2 )− 2k−1 k+2 − (k1⊥ − k2⊥)2 ≈ −x1x2Q2
(k1 − k2)2 = −x¯1x¯2q2 −
√
2Q(k−1 x¯1 + k
+
2 x¯2)− 2k+2 k−1 − (k1⊥ − k2⊥)2 ≈ −x¯1x¯2Q2
(27)
Similarly, the free fermion propagators simplify as
Sf (k1 + p
′) =
/k1 + /p
′ +mf
−x1Q2 −
√
2qx1k
−
1 − k21⊥ −m2f
≈ /p
′ − x1/p
−x¯1Q2
Sf (k2 + p) =
/k2 + /p+mf
−x¯2Q2 −
√
2qx2k
+
2 − k22⊥ −m2f
≈ /p− x2/p
′
−x¯2Q2
(28)
Since there are two denominators, from the quark and gluon propagators, one encoun-
ters certain negative powers of xi in the answer, with potentially divergent integrals of
the distributions. To keep it from happening, one should keep the “regulating” masses
and other subleading terms in the denominator on physical ground. The “regularized”
version of the integrals is discussed in section III B. When two parts of the hard blocks are
sandwiched between two pion density matrices, Φpi
+
ij,fg,αβ(k, k − p) for the outgoing pion
and Φ¯pi
+
ij,fg,αβ(k, k − p) for the incoming pion (both defined in (101)), each term becomes
a single color-Dirac trace. The result needs to be regulated, as discussed in the next
subsection. The final expression for V pia is reported in the results section (13).
B. Convolutions with the wave functions and regularization of the x-integrals
After the the substitution of the wave functions into the expressions for the form factors
(and other exclusive processes) one immediately finds that the integrands contains factor
that diverge at the end points, ξ = ±1 or x, x¯ = 0, 1. Therefore, some of the wave functions
so far mentioned (flat, semicircular and asymptotic ones) lead to divergent integrals. When
Q is taken to infinity, one obtains integrals with end-point singularities (x → 0), up to
quadratic ones ∫
dx
ϕ(x)
x2
For some wave functions, including the asymptotic one, such integrals are divergent.
However, the very derivations of the corresponding expressions provide a natural way
out of this problem, by keeping subleading terms in the denominators. In particular, the
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well known first term in the perturbative vector pion form factor in (13) can be written
as
I1 =
∫
dx1dx2
ϕ(x1)ϕ(x2)
x¯1x¯2 +m2gluon/Q
2
(29)
with a nonzero gluon mass used as an IR regulator. More generally, one may view it as
an effective parameter, representing a sum of higher-twist operators which would appear
if one expands the integral in powers of 1/Q. For estimates below we will use a value of
m2gluon ∼ 1 GeV2.
The second contribution has a higher singularity, stemming from the denominator of
the quark propagator. Combining the quark transverse momentum and quark mass into
a “transverse energy” E2⊥ = ~k
2
⊥ +M
2, it can be recast in the following “regulated” form
I2 =
(
χ2pi
Q2
)∫
dx1dx2
ϕ˜(x1)ϕ˜(x2)
x¯1x¯2 +m2gluon/Q
2
(
2− 1
x¯1 + E2⊥/Q2
− 1
x¯2 + E2⊥/Q2
)
(30)
The dependence of these integrals on Q is shown in Fig 7, for flat (closed points) and
asymptotic wave functions (open points).
We recall that for the “flat” distribution both un-regularized integrals are divergent,
while for the asymptotic one only the second one is divergent. However, they cannot be
compared. Remarkably, the regulated versions of the traditional part, I1, and new one
I2, turned out to be comparable. Moreover, although I2 has 1/Q
2 upfront and looks as
if it belongs to the next twist contribution, its regulated version shows quite a weak Q
dependence!
Note finally, that ϕ(x) and ϕ˜(x) are distributions of independent chiral components of
the pion, and there is no general reasons for them to be the same. Moreover, we do know
that the constants in front are quite different, so the distributions over the transverse
momenta must be different. The ϕ˜(x) is more compact – has a larger probability to find
the pair of quarks at the same point in the transverse plane – so it is perhaps closer to
flat than ϕ(x). It is possible that the distributions over the longitudinal momenta are also
different.
C. Scalar pion form factor from one-gluon exchange
The hard scalar (Higgs) block follows from the same diagrams (26) with the substitu-
tions
((q) · γ)→ 1, eq → λq
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FIG. 7. The regulated integrals I1 (29) (lower curves at right ) and I2 (30) (upper curves) versus
the momentum transfer Q2 (GeV2). The closed points are for the flat distribution (p=0), the
open points are for the asymptotic distribution (p=1). The values of the gluon mass and quark
transverse energy used are m2gluon = 1 GeV
2, E2⊥ = 0.3 GeV
2.
with the Yukawa couplings instead of the electric charges. With the same regulation
procedure as used in the previous subsection, the result is
Spia =−(λu + λd)
[(
piCFαsf
2
piχpi
NcQ2
) ∫ 1
0
dx1dx2 ϕpi+(x1)ϕ˜pi+(x2)
×
(
1
x1x2 +m2gluon/Q
2
)(
1 +
1
x1 + E2⊥/Q2
+
1
x2 + E2⊥/Q2
)]
(31)
Note that this term appears from the product of two different chiral components of the
density matrix. It must be so because, unlike the interaction with the photon, the scalar
vertex flips chirality, and therefore needs to be complemented by another chirality flip.
Another contribution to the scalar form factor stems from the mass term in the quark
propagators (28), ∼ M/Q2, which we usually neglect. Since it also flips chirality, it
generates a subleading contribution (as we assume M  χpi)
Spia = −(λu + λd)
[(
piCFαsf
2
piM
NcQ2
) ∫ 1
0
dx1dx2
(
ϕpi+(x1)ϕpi+(x2)−
4χ2pi
Q2
ϕ˜pi+(x1)ϕ˜pi+(x2)
)
×
(
1
x1x2 +m2gluon/Q
2
)(
1
x1 + E2⊥/Q2
+
1
x2 + E2⊥/Q2
)]
(32)
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which we have not included in the results quoted above.
D. The form factor of the transversely polarized rho meson from one-gluon
exchange
The perturbative and unregulated contribution to the vector form factor for the rho
meson with transverse polarization is of the form
V ρa (Q
2) =−euCF
Nc
∫ 1
0
dx1 dx2
( −1
−x¯1x¯2q2
)
×Tr
[
(q) · γ γ0
(
− i
4
/T (fρmρ ϕρ+T
(x1) + f˜ρ/p ϕ˜ρ+T
(x1))
)†
γ0 gsγ
α
×
(
− i
4
/′T (fρmρ ϕρ+T (x2) + f˜ρ/p
′ ϕ˜ρ+T (x2))
)
gsγα
(
/p′ − x1/p
−x¯1q2
)]
(33)
Since γα/′T /p
′γα = 4′Tµp
′µ = 0, the tensor contribution /T /p drops out in the spin trace.
The final result with all insertions combined is subleading in m2ρ/q
2
V ρa (Q
2) =−µ(q)(pµ + p′µ) (eu + ed) T · ′T
[(
2piCFαsf
2
ρm
2
ρ
Ncq4
)
×
∫ 1
0
dx1dx2 ϕρ+T
(x1)ϕρ+T
(x2)
(
1
x1x2
(
1
2
(
1
x1
+
1
x2
)
− 1
)]
(34)
Similar arguments applied to the scalar form factor of the transversely polarized vector
meson yield the unregulated result
Sρa(Q
2) =(λu + λd)MQ 
∗
T · ′T
[(
piCFαs
Nc
mρfρf˜ρ
MQq2
)
×
∫
dx1dx2
1
x1x2
(
1
x2
ϕρ+T
(x1)ϕ˜ρ+T
(x2) +
1
x1
ϕρ+T
(x2)ϕ˜ρ+T
(x1)
)]
(35)
E. Including other NJL-type local 4-fermion operators?
In the spirit of the effective scattering theory for quarks, one may think of introducing
all local operators of the type
OΓ ≡ (q¯Γq)(q¯Γq)
where the matrices Γ include all possible Dirac, color and flavor structures.
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Naively, including any of them is rather straightforward. The obvious practical prob-
lem is due to the fact that total basis of all operators is way too large for meaningful
applications. One needs an organizational principle for the selection of only relevant ones,
to be kept in the hard block.
From short distances, one-gluon exchange corresponds to the product of two color
currents, with Γ = γµτ
a/2. Colorless exchanges start from two gluons, or perhaps scalar
and tensor glueballs (in the discussion section we will explain why the latter seems to be
especially important, based on high energy scattering phenomenology). If so, Γ = 1 or the
stress tensor ΓT = i∂µγν .
From large distance perspective, one may think about mesonic exchanges, as is done
for nuclear forces. If this is the case, colorless scalar, pseudoscalar and vector Γ should be
used, with or without flavor matrices. Still, the basis is too large for this approach to be
practical.
Instantons generate a very specific effective quark-quark interactions. The most promi-
nent is the one discovered by ’t Hooft [23]. It provides a unique nontrivial selection of
matrices, and so, in this work, we have focused on this particular choice. The organiza-
tional principle is the use of semi-classics in the hard block supplemented by a perturbative
correction (one-loop).
F. Born-style estimates of the instanton effects
This section is devoted to estimate of the diagram (b) of Fig. 1. Note that the point in
which the hard photon (scalar) is absorbed is separated, by a quark propagator, from the
location of the quark-antiquark scattering. (On general grounds, one may question why
such a separation is always possible, and in fact we will not assume it in the next section.)
In this warm-up section, we include the instanton field in the “naive Born-like ap-
proximation”, just by substituting the gluon propagator by the (Fourier transform) of the
instanton field. The reader must be warned that such approach is a “naive estimate”
of the effect, similar in spirit to our treatment of the NJL vertex above. However, we
note that the instanton field is nonperturbative, gAµ ∼ O(1) in the weak coulping g  1
regime. Therefore, a consistent treatment should include the instanton field in the full
quark propagator to all orders, with all zero and nonzero modes, through the instanton,
a task relegated to later sections below.
Before we start, let us mention the issue of gauge selection. Historically, the instantons
were discovered in the so called “regular” gauge, in which the topological singularity is at
infinity. In contrast, the so called ”singular” gauge put it at the origin. The difference
between them became apparent in any discussion of multi-instanton configurations (and
ensembles): only the singular ones can be used, since there is only one infinity for all of
them. This is important for our estimate, since the point-like gauge singularity will show
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up in the Fourier transform.
With this in mind, the instanton field has the form
(Aµ(x))
i
j(x) = −
i
2g
U iα(σµx− xσµ)αβU †βj
ρ2
x2(x2 + ρ2)
(Aµ(x))
i
j(x) = +
i
2g
U iα(σµx− xσµ)αβU †βj
ρ2
(−x2 + i0)(−x2 + i0 + ρ2) (36)
in Euclidean and Minkowski space respectively. In Euclidean space, the Fourier transform
of the instanton is
Aaµ(k) =
(2piρ)2
2g
Tr(T aU(σµk − kσµ)U †)G(ρ
√
q2)
k2
=
i(2piρ)2
g
Dab(U)ηbµνk
νG(ρ
√
q2)
k2
(37)
with the field form factor
G(ρ
√
k2) =
(
4
k2ρ2
− 2K2(ρ
√
k2)
)
(38)
which is normalized to 1, G(0) = 1. (No minus sign under the root because here we use
Euclidean notations.) The D-function is Dab(U) = Tr(T aUτ bU †) with the normalization
Tr(T aT b) = δab/2. In particular, the analytical continuation of (37) to Minkowski space
with amputation gives
lim
k2→0
(−k2) µ(k)Aaµ(k) =−
2pi2ρ2
g
Tr
(
T a U((k)k − k(k))U †
)
G(0)
→−i(2piρ)
2
g
Dab(U)ηbµν
µ(k)kν (39)
Note that the 2-point gluon correlator in both spaces read
Aaµ(k)A
b
ν(−k) =
(2piρ)4
g2
Dac(U)Dbd(U)
ηcµαη
d
νβk
αkβ
k4
G2(ρ
√
k2) (40)
The non-perturbative contribution to the mesonic form factor in the Born approxima-
tion illustrated in Fig. 1b, can be evaluated using the single instanton contribution in (40).
This contribution corresponds to the instanton (anti-instanton) effect on a pair of non-zero
quark modes. For light quarks, it is subleading in diluteness with the contribution shown
in Fig. 1c which involves non-zero mode contributions. For heavy quarks it is the sole and
dominant non-perturbative contribution.
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The non-perturbative gluon propagator (40) when averaged over an instanton plus
anti-instanton contribution gives
∆abµν(k) =
〈
Aaµ(k)A
b
ν(−k)
〉
I+I
=
n
2
(2piρ)4
g2s
〈
Dac(U)Dbd(U)
〉
U
(
ηcµαη
d
νβ + η
c
µαη
d
νβ
)
kαkβ
k4
G2(ρ
√
k2)
→−δab n(2piρ)
4
g2s
gµνk
2 − kµkν
k4
G2(ρ
√
−k2) ≡ δab∆µν(k) (41)
with the last relation following in Minkowski space. The contribution of Fig. 1b follows
that in Fig. 1a in the form (26) with the substitution of (41) for the gluon propagator,
namely
−gµν
(k1 − k2) → ∆µν(k1 − k2)
−gµν
(k1 − k2)
→ ∆µν(k1 − k2) (42)
IV. INSTANTON-INDUCED EFFECTS
A. From non-zero-mode propagators to hard block operators
As we already discussed, the instanton field is nonperturbative, or strong Aµ ∼ 1/g.
Therefore even if the coupling g is small, it cancels out. The propagation in such field
cannot be calculated in powers of g. Instead, one should use the fully dressed (re-summed)
propagators. With this in mind, the next step is the identification of the hard block, via
the “amputation” of the free propagators also known as Lehmann-Symanzik-Zimmermann
(LSZ) reduction. We start explaining how this procedure works in the coordinate repre-
sentation, starting from the simpler case of spinless (scalar) quarks, as discussed in [31].
The propagator for a massless scalar particle in an instanton field has the form [32]
∆(x, y) = ∆0(x− y)
(
1 + ρ2
[Uxy¯U †]
x2y2
)
1
(Π(x)Π(y))
1
2
(43)
with ∆0(x) = 1/(2pix)
2 the free scalar propagator, and Π(x) = 1 + ρ2/x2, and x, y¯ are
convoluted with (Euclidean 4d) sigma matrices (B4). To see how the LSZ reduction
operates on (43), we consider the limit x, y  ρ, which is dominated by the asymptotic of
1/
√
Π(x) ≈ (1− ρ2/2x2 + ...). For a single quark line, the color averaging in (43) yields
〈
[Uxy¯U †]
〉
U
=
x · y
Nc
(44)
25
Inserting (44) and keeping only the asymptotic contributions, give
∆(x− y) ≈ ∆0(x− y)
[
1− ρ
2
2x2y2
(
(x− y)2 + 2x · y
(
1− 1
Nc
))]
(45)
one finds that the term of order ρ2 in the numerator becomes exactly the combination
(x−y)2 in the denominator, so that it is canceled out. Subtracting the free propagator, one
observes that the O(ρ2) lowest-order instanton contribution is proportional to 1/x2y2 =
(4pi2)2D0(x)D0(y), just the product of Green function describing free propagation to and
from the instanton. So, in this case the LSZ procedure is just an “amputation” of these
free propagators.
This result can be generalized to an “amputated line operator”, in the momentum
representation with arbitrary in- and out-momenta
T (k, k′) =
∫
d4xdyeikx−ik
′y(∂2x∆(x, y)∂2y) (46)
where the second derivatives over x and y stand for the “amputation” of the trivial large
distance part of the Green function. Out of those one can construct n-body scattering
amplitudes by taking their powers, averaging over the positions of the instanton center zµ
and tracing over the color indices
A(ki, k′i) = Tr
[ n∏
i=1
T (ki, k′i)
]
(47)
The simplest of them, n=1, leads to the forward scattering amplitude on the instanton
T (k, k) =
4pi2ρ2
Nc
(48)
used by one of us long ago, in [33]. This result explains the instanton suppression term at
finite temperatures previously calculated in [34], and allowed its generalization to the case
of finite temperature and density. The n=2 case corresponds to two-by-two scattering,
n=3 to three-by-three scattering, and so on. Averaging over the instanton position leads
to momentum conservation
∑
i ki =
∑
k′i. The former case is important for meson form
factors, the latter for baryon ones.
The remaining important detail is that in Euclidean calculations k =
√
k2µ where all
coordinates appear with plus sign. Going to Minkowski kinematics with “on-shell” k → 0,
partons can only mean here all components going to zero, or x, y go to large distances .
The scattering amplitude one gets from this procedure is just a constant, corresponding
to low energy local interaction. There is no correlation between k, k′ momenta, or any
angular distribution. There is no nonlocality or explicit form factors in this procedure,
and thus no dependence on the momentum transfer k − k′ in quark-antiquark scattering.
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The extension of the (massless) scalar case to the (massless) spinor case is done by
using the full quark non-zero mode propagator in the chiral-split form [32]
Snz(x, y) =
−→
D/ x∆(x, y)
1 + γ5
2
+ ∆(x, y)
←−
D/ y
1− γ5
2
=S(x, y)
1 + γ5
2
+ S(x, y)
1− γ5
2
(49)
with the free Weyl propagators S0 = 1/∂ and S0 = 1/∂, in the notations detailed in
Appendix B. The long derivative /D = /∂− i /A acts on the left and right respectively of the
(massless) scalar propagator, with each explicit contribution
S(x, y) =
(
S0(x− y)
(
1 + ρ2
[Uxy¯U †]
x2y2
)
+
ρ2σµ
4pi2
[Uxσµ(x− y)y¯U †]
Πxx4(x− y)2y2
)
1
(ΠxΠy)
1
2
S(x, y) =
(
S0(x− y)
(
1 + ρ2
[Uxy¯U †]
x2y2
)
+
ρ2σµ
4pi2
[Ux(x¯− y¯)σµy¯U †]
x2(x− y)2y4Πy
)
1
(ΠxΠy)
1
2
(50)
and with U valued in SU(Nc). When a mixture of color and spinor indices occurs, the
spinor matrices act on the upper left corner of the Nc × Nc color matrices. Recall that
the terms without and with the bar here correspond to Weyl notations with two-by-two
matrices. They do not correspond to quarks and antiquarks – the diagonal of γ0 – but
to the left and right quark polarizations, diagonal of γ5. These notations are compatible
with other Weyl-style notations used.
In the case of a scalar (Higgs) probe on a qq¯ meson pair, the chirality of the quark is
flipped, and therefore one part of the diagram contributes
S¯(x, z)S(z, y) + S(x, z)S¯(z, y) ,
in which case the endpoints x, y should be taken to large distances while the interme-
diate point z is still residing inside the instanton field. In the former term the covarient
derivatives, acting from both sides, create free fermionic propagators, which can be readily
amputated. What is left, depending on the point z is just the factor 1/Πz. Its Fourier
transform with momentum transfer qµ is
∫
d4z
eiq·z
Πz
(51)
Unfortunately, this is not so simple in the second part of the diagram. The second
term of S(x, z) at large x is of order 1/x2, with a power not matching the free fermion
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propagator S0 ∼ x/x4. It means that the LSZ reduction in coordinate representation
is not local. Let us use the following trick: multiply and divide by D/ . The D/ in the
numerator now reproduces the free propagator, which we can amputate. The D/ in the
denominator will become the negative power of momentum in the amplitude when taken
to the momentum representation, generating a negative moment of the wave function by
convolution to the wavefunction.
Now let us focus on the line in which there is no external probe. There is a single S(x, y)
in which both coordinates are taken to infinity. Again, in each term one dependence leads
to a straightforward LSZ procedure, and the other lacks one power of the distance. We
use the same trick and represent it as D/ x∆D/ y(1/D/ y). The effective amplitude takes the
form A ∼ ρ2( 1x + 1x′ ). We now proceed to give a more quantitative derivation of these
results.
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FIG. 8. The blue dashed and the solid black lines correspond to the functions F1(Qρ) and F2(Qρ)
versus Q as given in (55), respectively.
The LSZ reduced non-zero mode contributions to the qq vector vertex with polarization
µ(q), can be formally written in the chiral split form as
〈〈
k2
∣∣∣∣∂ S (q)S ∂ 1 + γ52 + ∂ S (q)S ∂ 1− γ52
∣∣∣∣ k1〉⊗〈k1 ∣∣∣∣∂ S ∂ 1 + γ52 + ∂ S ∂ 1− γ52
∣∣∣∣ k2〉〉
U
(52)
where the overall averaging over color is indicated by the subscript U , and the mass shell
conditions k21,2 → 0 and k21,2 → 0 are subsumed. Using the results in Appendix D, the
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final vector vertex follows by adding (D4) to the color averaged (D8) and combining the
result with (D13) to finally obtain
[
2κGV (qρ)u(k2)/(q)u(k1)
]
×
[(
2pi2ρ2
)
d(k1)
(
1
/k1
+
1
/k2
)
d(k2)
]
(53)
The induced vector form factor GV consists of two parts
GV (ξ) = F1(Qρ) +
1
NcM2ρ2
F2(Qρ) (54)
with specifically
F1(x) ≡
(
K1(x)
x
)′′
=
1
4x3
(4xK0(x) + (8 + 3x
2)K1(x) + x(4K2(x) + xK3(x)))
F2(x) ≡ x
(
(xK1)
′
x
)′
=
1
4x
(−2xK0(x) + (−4 + 3x2)K1(x) + x(−2K2(x) + xK3(x)))(55)
We have summed over n/2 instantons plus n/2 anti-instantons, analytically continued to
Minkowski signature, and dropped the extra factor of i since (52) follows from S = 1 + iT
with T identified with the vector vertex. Overall momentum conservation follows from the
Z-integration over the instanton and anti-instanton positions leading to q+k1+k1 = k2+k2
for the 2-body vertex (53). In Fig. 8 the behavior of F1,2(Qρ) in (55) is shown, with F2(Qρ)
dominant at large Q.
After the hard block is defined, one carries the trace with the pion (or rho) density
matrices. The propagators remaining in the second bracket of (53) are treated as follows
1
/k1
→ /k1
M2
with M being the constituent quark mass. The final expression is (16).
We have checked that similar arguments apply to the scalar form factor, which is seen
to mix chirality through SS and SS contributions, but the result is found to be identical
to (D2) with the substitution /(q) → 1 and no additional contribution. Hence, the same
result holds for the scalar vertex with the substitution /(q) → 1 in (53) and the induced
scalar form factor
GV (ξ)→ GS(ξ) =
(
K1(ξ)
ξ
)′′
(56)
Note that the two terms in (54) have opposite signs. So their sum is sensitive to the
averaging over the instanton size (see section IV H). Fig.9 displays the contribution of
each of them, as well as their sum. After convolution of the hard block with the pion
density matrices we get the final result for V pic , as given in (16).
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FIG. 9. The nonzero mode contributions to the vector pion form factor times Q2 (GeV2), versus
Q2 (GeV2). The blue circle above and below show the contributions of 〈F1〉ρ and 〈F2〉ρ, respectively.
The black closed circles are their sum.
B. The non-zero mode propagators and the rho vector form factors
The general decomposition of the vector form factor of the rho meson compatible with
parity, time-reversal symmetry and Lorentz symmetry is of the form
〈
ρ(p′, ′) |Jµ(0)| ρ(p, )
〉
= FV (q
2) ′∗ ·  (pµ + p′µ)
+
GV (q
2)
2mρ
(
∗′µ  · q − µ∗′ · q
)
+
HV (q
2)
4m2ρ
′∗ · q · q (pµ + p′µ)(57)
with FV , HV contributing to the electric form factor and GV to the magnetic form factor
of the rho.
The contribution to the vector form factor of the transverse rho meson in the large
momentum limit, involves all three form factors in (57) in general. For simplicity, we
focus on the contribution to the electric part FV by choosing the transverse polarization
T (p, p
′) of the ρT with momentum p, p′ to be also transverse to q, or T (p, p′) · q = 0. In
the large momentum limit, the unregulated contribution to FV is
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V ρc (Q
2) =−µ(q)(pµ + p′µ) ∗T · ′T (eu + ed)
[
κ(piρ)2f˜2ρ
Nc
〈GV (Qρ)〉
∫ 1
0
dx1dx2
×
((
1
x1
+
1
x2
)
ϕ˜ρ+T
(x1)ϕ˜ρ+T
(x2) +
1
2
f2ρm
2
ρ
f˜2ρM
2
Q
ϕρ+T
(x1)ϕρ+T
(x2) (x1 + x2)
)]
(58)
C. The non-zero mode contribution to the rho scalar form factors
The general decomposition of the scalar form factor of the rho meson compatible with
parity, time-reversal symmetry and Lorentz symmetry is of the form
〈
ρ(p′, ′) |S(0)| ρ(p, )〉 = FS(q2) ′∗ · + HS(q2)
4m2ρ
′∗ · q · q (59)
Similarly to the pion scalar form factor, the contribution to the scalar form factor of the
longitudinal rho meson vanishes because of a poor spin trace. As a result, the invariant
scalar form factors in (59) satisfy
FS(q
2)− q
4
16m4ρ
HS(q
2) ≈ 0 (60)
in the large momentum limit. We can extract FS(q
2) from the transversely polarized ρ by
choosing T (p, p
′) · q = 0. The unregulated result is
Sρc (Q
2) =(λu + λd) 
∗
T · ′T MQ
[
κ(piρ)2fρf˜ρ
2Nc
mρ
MQ
〈GS(Qρ)〉
∫ 1
0
dx1dx2(
ϕ˜ρ+T
(x1)ϕρ+T
(x2)
(
1
x1
+
q2
M2Q
x2
)
+ ϕ˜ρ+T
(x2)ϕρ+T
(x1)
(
1
x2
+
q2
M2Q
x1
))]
(61)
D. Quark zero modes and ’t Hooft effective Lagrangian
The quark propagator in the instanton background when expressed in the eigenmode
basis, is a sum over all modes. In this section we focus on the specific term of this sum
containing the zero modes. For a single instanton, this contribution takes the form
S0(x, y) =
ψ0(x)ψ
∗
0(y)
im
(62)
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with zero eigenvalue plus the quark mass in the denominator. This appears singular in the
chiral limit m→ 0, but, as explained by ’t Hooft, since the amplitude for a single instanton
is itself proportional to the product of masses of all light quark flavors, ∼∏q=u,d,smq, the
Green functions and vertices with Nf fermions are finite. This is how the famous ’t Hooft
effective Lagrangian was derived.
In “empty” (perturbative) vacuum the mass here is that from QCD Lagrangian. How-
ever, when an instanton is not in the perturbative but rather in physical QCD vacuum,
the problem is more complex. A nonzero quark condensate makes the instanton amplitude
nonzero even in the chiral limit. The current quark mass m is supplemented by the so
called “determinantal mass” M∗ [35]
M∗ ≡ 2pi
2
3
|〈q¯q〉|ρ2 ≈ 200 MeV
(
ρ
ρ0
)2
(63)
(Note that this is not the on-shell quark mass at zero momentum, which is about twice
larger.) This mass was used in the first mean-field-style treatment of the instanton en-
semble [25], appending the quark masses both in the instanton determinant and in the
denominator of the quark propagator.
After the formalism of the interacting instanton liquid model (IILM) was further devel-
oped, the so called “single instanton approximation” (SIA) for treating effects produced
by a single member of the ensemble was further discussed in Ref.[36]. It was pointed out
there that the OPE expression from [35] was derived assuming factorization of the VEVs
of 4-fermion operators in the QCD vacuum, which is also a version of the mean-field treat-
ment. However, the instanton ensemble is highly correlated, and the expectation values of
different multi-quark operators are highly inhomogeneous, and therefore the mean-field-
style approximations are quite inaccurate. In particular, the operators of the type of ’t
Hooft Lagrangian under consideration
〈(u¯u)(d¯d)〉  〈(u¯u)〉〈(d¯d)〉
have strongly enhanced VEVs. The quark propagator in the QCD vacuum, is approxi-
mated by the form
S(x, y) = S0(x, y) +
∑
I,J
ψ∗0I(x)
(
1
T
)
I,J
ψ0J(y) (64)
where TIJ denotes the so called “instanton hopping” matrix, constructed out of the Dirac
zero modes overlaps between neighboring instantons I, J . Note that here enters the
inverse matrix, as propagators are inverse to Dirac operators. So, when one discusses
a process in which both points x, y are inside one instanton I∗, like when defining the
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hard block here, we can restrict the sum to only the term with the zero mode of this very
instanton. This leads to the following redefinition of the “determinantal mass”
1
Mu
≡
〈(
1
T
)
I∗I∗
〉
(65)
Furthermore, in the diagrams containing two quark propagators of different flavors one
has a different averaging
1
M2uudd
≡
〈(
1
T
)2
I∗,I∗
〉
(66)
These two quantities were calculated in the random and interacting instanton liquid mod-
els, and in all calculations one finds that
1/M2u  1/M2uudd (67)
In the interacting instanton liquid these quantities are
1
M2u
=
1
(177MeV )2
,
1
M2uudd
≈ 1
(103MeV )2
(68)
The chief consequence of these substantial deviations from mean field can be captured by
a “’t Hooft operator enhancement factor”
ftHooft ≡
M−2uudd
M−2u
≈ 3 (69)
Ending this section, we briefly explain the values used to generate the plots in the
”results” section. Since we decided to take a round maximal value for the instanton
diluteness κ → 1, we have not included this additional enhancement factor (69). When
the quark mass appears in the denominator, we use a round value of 200 MeV.
A further systematic lattice studies of the VEVs and their average over mesons of all
possible 4-quark operators should be done, to quantify the magnitude of all NJL-type
four-fermion operators. To our knowledge the only such work, reporting the enhacement
just mentioned on the lattice is a rather old study in [37]. Since those operators are widely
used in hadronic phenomenology, such studies are, in our opinion, long overdue.
E. The zero mode contributions to the vector form factors
The zero mode part of the propagator (62) can be schematically shown as two discon-
nected quark lines, with different chirality, ending in the instanton shown with the labels
+, see Fig. 10. The corresponding contributions to a hard block is
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FIG. 10. A quark-antiquark pair absorbing or emitting a vector photon in an instanton background
labeled by +.
Fig. 10A =eu ×
〈((
u†R(k2)(−ik2)(q) · V (q,−k2)
)(
φ(k1)(ik1)uL(k1)
))
⊗
((
d†R(k1)(ik1)K(k1)
)(
φ(−k2)(−ik2)dL(k2)
))〉
U
Fig. 10B =ed ×
〈((
u†R(k2)(−ik2)K(−k2)
)(
φ(k1)(ik1)uL(k1)
))
⊗
((
d†R(k1)(ik1)K(k1)
)(
(q) · V (q,−k2)(−ik2)dL(k2)
)〉
U
(70)
where we have now made explicit the different flavors running in the vector vertex in
Fig. 10, with the generic notation uiα(k1,2) with flavor charge eu, and d
†i
α (k1,2) with flavor
charge ed, and α = 1, 2 for spin and i = 1, .., Nc for color. Note that we have now attached
a color index to each incoming and outgoing quark-antiquark line which is contracted with
the pertinent U -matrix in the corresponding bracket. To carry the color averaging in (70)
we use the identity
∫
dU U iαU
†β
j U
k
γU
†δ
l =
1
N2c − 1
(
δijδ
k
l δ
β
αδ
δ
γ+δ
i
lδ
k
j δ
β
γ δ
δ
α
)
− 1
Nc(N2c − 1)
(
δijδ
k
l δ
β
γ δ
δ
α+δ
i
lδ
k
j δ
β
αδ
δ
γ
)
(71)
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The result for the symmetrized vector insertion on the quark line in Fig. 10A is
Fig. (10A+ 10A˜)I = i
(2piρ
3
2 )4
(−iMQρ)2 × eu ×(
1
N2c − 1
(
u†R(k2)(FV (q, k1) + FV (q,−k2))uL(k1)
)(
d†R(k1)dL(k2)
)
+
1
N2c − 1
(
u†R(k2)(FV (q, k1) + FV (q,−k2))dL(k2)
)(
d†R(k1)uL(k1)
)
− 1
Nc(N2c − 1)
(
u†Ri(k2)(FV (q, k1) + FV (q,−k2))ujL(k1)
)(
d†Rj(k1)d
i
L(k2)
)
− 1
Nc(N2c − 1)
(
u†Ri(k2)(FV (q, k1) + FV (q,−k2))djL(k2)
)(
d†Rj(k1)u
i
L(k1)
))
(72)
with MQ →M the constituent quark mass discussed earlier. To avoid cluttering the spin-
color indices in the Weyl spinors have been omitted. Each of the L,R-Weyl spinor in the
bracket is contracted over the dummy spin α = 1, 2 and color i = 1, ..., Nc indices, unless
the contraction is out-of-bracket in which case the pertinent (color) index contraction
is displayed. The I-subscript refers to the instanton contribution. The anti-instanton
contribution follows from (72) through the substitution L↔ R. The corresponding result
for the symmetrized vector insertion on the anti-quark line in Fig. 10B is
Fig. (10B + 10B˜)I = i
(2piρ
3
2 )4
(−iMQρ)2 × ed ×(
1
N2c − 1
(
u†R(k2)uL(k1)
)(
d†R(k1)(FV (q, k1) + FV (q,−k2))dL(k2)
)
+
1
N2c − 1
(
u†R(k2)dL(k2)
)(
d†R(k1)(FV (q, k1) + FV (q,−k2))uL(k1)
)
− 1
Nc(N2c − 1)
(
u†Ri(k2)u
j
L(k1)
)(
d†Rj(k1)(FV (q, k1) + FV (q,−k2))diL(k2)
)
− 1
Nc(N2c − 1)
(
u†Ri(k2)d
j
L(k2)
)(
d†Rj(k1)(FV (q, k1) + FV (q,−k2))uiL(k1)
))
(73)
with the substitution L↔ R for the anti-instanton contribution. The spin-valued induced
form factor
FV (q, k) =
(q)k − k(q)
2k · q F (ρ
√
q2) +
(
(q)(q + k)− (q + k)(q)
(k + q)2
− (q)k − k(q)
2k · q
)
F (ρ
√
(k + q)2)
(74)
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simplifies when the quark line is taken on mass-shell (F (x) = xK1(x))
lim
k2→0
FV (q, k) =
(q)q − q(q)
q2
F (ρ
√
q2) = µ(q)qν(σ
µσν − σνσµ) 1
q2
F (ρ
√
q2) (75)
The full contribution to the hard vector form factor is (72) plus (73) weighted by the
instanton averaged density n/2, plus the corresponding anti-instanton contribution. The
analytically continued result is
µ(q)Vµ(k1, k2; k1, k2; q) = −
8κpi2
M2Q
×[
eu ×
{
1
N2c − 1
(
uR(k2)(FV (q, k1) + FV (q,−k2))uL(k1)
)(
dR(k1)dL(k2)
)
+
1
N2c − 1
(
uR(k2)(FV (q, k1) + FV (q,−k2))dL(k2)
)(
dR(k1)uL(k1)
)
− 1
Nc(N2c − 1)
(
uRi(k2)(FV (q, k1) + FV (q,−k2))ujL(k1)
)(
dRj(k1)d
i
L(k2)
)
− 1
Nc(N2c − 1)
(
uRi(k2)(FV (q, k1) + FV (q,−k2))djL(k2)
)(
dRj(k1)u
i
L(k1)
)}
+ed ×
{
1
N2c − 1
(
uR(k2)uL(k1)
)(
dR(k1)(FV (q, k1) + FV (q,−k2))dL(k2)
)
+
1
N2c − 1
(
uR(k2)dL(k2)
)(
dR(k1)(FV (q, k1) + FV (q,−k2))uL(k1)
)
− 1
Nc(N2c − 1)
(
uRi(k2)u
j
L(k1)
)(
dRj(k1)(FV (q, k1) + FV (q,−k2))diL(k2)
)
− 1
Nc(N2c − 1)
(
uRi(k2)d
j
L(k2)
)(
dRj(k1)(FV (q, k1) + FV (q,−k2))uiL(k1)
)}]
+ L↔ R
(76)
We dropped a factor of i in switching from the S-matrix to the T-matrix element in
the identification of the vector vertex. We made the substitutions u†L,R → uL,R and
d†L,R → dL,R when analytically going to Minkowski space, with the standard relation
between Dirac and Weyl spinors
u =
1 + γ5
2
u+
1− γ5
2
u ≡ uR + uL (77)
and similarly for d ≡ dR + dL. More explicitly, the first contribution in (76) due to the
instanton can be recast in the form
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(
Nc
N2c − 1
)[
euFP (ρ
√
−q2)u(k2) iµ(q)σ
µνqν
2MQ
(1− γ5)
2
u(k1)
][
(2piρ)2
MQ
d(k1)
(1− γ5)
2
d(k2)
]
(78)
with the spin-valued matrix σµν = i2 [γ
µ, γν ]. The first bracket in (78) shows the vector
interaction with a chirally flipped u-quark which is purely magnetic. The corresponding
Pauli form factor is
FP (ρ
√
−q2) = 8κ
Nc
K1(ρ
√
−q2)
ρ
√
−q2 (79)
(We again recall that −q2 = Q2 > 0.) The second bracket is the chirality flipped d-
quark through the instanton zero mode. All contributions in (76) are of this type. (Note
that if the amplitude is evaluated at near-zero Q, this instanton term contributes to the
constituent quark magnetic moment, see [38].)
F. The zero mode contributions to the scalar form factor
This contribution to the hard scalar form factor follows a similar reasoning as in the
previous subsection, with two modifications: 1/ in the form factors (74-75) the polarization
(q)→ 1; 2/ in the contributions (72-73) there is no chirality flip on the leg with the scalar
form factor insertion. With this in mind, we have
Fig. (10A+ 10A˜)S,I = i
(2piρ
3
2 )4
(−iMQρ)2 × λu ×[
1
N2c − 1
(
u†L(k2)FS(q,−k2)uL(k1) + u†R(k2)FS(q, k1)uR(k1)
)(
d†R(k1)dL(k2)
)
+
1
N2c − 1
((
u†L(k2)FS(q,−k2)dL(k2)
)(
d†R(k1)uL(k1)
)
+
(
d†R(k1)FS(q, k1)uR(k1)
)(
u†R(k2)dL(k2)
))
− 1
Nc(N2c − 1)
((
u†Li(k2)FS(q,−k2)ujL(k2)
)(
d†Rj(k1)u
i
L(k1)
)
+
(
d†Rj(k1)FS(q, k1)u
i
R(k1)
)(
u†Ri(k2)d
j
L(k2)
))
− 1
Nc(N2c − 1)
(
u†Li(k2)FS(q,−k2)ujL(k1) + u†Ri(k2)FS(q, k1)ujR(k1)
)(
d†Rj(k1)d
i
L(k2)
)]
(80)
with a scalar charge λu, and the scalar form factors
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FS(q, k) =
k
2k · qF (ρ
√
q2) +
(
(q + k)
(k + q)2
− k
2k · q
)
F (ρ
√
(k + q)2)
FS(q, k) =
k
2k · qF (ρ
√
q2) +
(
(q + k)
(k + q)2
− k
2k · q
)
F (ρ
√
(k + q)2)
(81)
The S-subscript refers to the scalar vertex, and the I-subscript referring to the instanton
contribution. The anti-instanton contribution follows from (72) through the substitution
L↔ R. The corresponding result for the symmetrized vector insertion on the anti-quark
line in Fig. 10B is
Fig. (10B + 10B˜)S,I = i
(2piρ
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2 )4
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and
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k2→0
FS(q, k) =
q
q2
F (ρ
√
q2) lim
k2→0
FS(q, k) =
q
q2
F (ρ
√
q2) (83)
with again F (x) = xK1(x). The anti-instanton contribution follows through the substitu-
tion L↔ R.
The full contribution to the hard scalar form factor is (80) plus (82) weighted again by
the instanton averaged density n/2, plus the corresponding anti-instanton contribution.
The analytically continued result to Minkowski space is
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again after dropping a factor of i in going from the S-matrix to the T-matrix element in
the identification of the scalar vertex. More explitly, using the limiting form factors (83)
the first contribution in (84) can be recast in the compact form
( −4Nc
N2c − 1
)[
λu
1
8
FP (ρ
√
−q2)u(k2) qµγ
µ
2MQ
u(k1)
][
(2piρ)2
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d(k1)
(1− γ5)
2
d(k2)
]
(85)
and similarly for the other contributions.
The zero mode instanton plus anti-instanton contribution to the pion vector form factor
vanishes
V pid (Q
2) =−(eu + ed)FP (ρ
√
−q2)
(
Nc
N2c (Nc + 1)
)∫ 1
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dx1dx2
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)]
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(86)
which is seen to spin trace to zero. The color factor follows directly from the color con-
traction of (71) in a colorless meson state
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Similarly, the zero mode instanton plus anti-instanton contribution to the pion scalar form
factor vanishes too
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G. The zero mode contribution to the transverse rho form factors
The instanton plus anti-instanton contribution to the transversely polarized vector form
factor is
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Unwinding the last trace gives
V ρd (Q
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)]
(90)
which is to be compared to the hard perturbative contribution (34). The instanton plus
anti-instanton contribution to the transversely polarized rho scalar form factor vanishes
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H. Averaging over the instanton size distribution
In the expressions above and for simplicity, we have used a single value of the instanton
size ρ. For many estimates it is sufficient to use its r.m.s. value of about 0.30 fm. Yet
in cases in which a large momentum transfer is involved, the shape of the distribution
over ρ becomes important, especially its tail toward small sizes. Fortunately, at small ρ
the effective coupling αs(ρ) is small, the action is large and semiclassical theory get more
reliable.
Still, one needs the full shape of the distribution, to get a proper averaging. The
instanton size distribution in the QCD vacuum has been derived from lattice works, using
various degree of “cooling” methods, e.g. [39]. We will not dwell on the details of this
distribution, and we will not get involved in the theoretical aspects of the large large-size
instantons for which we refer to e.g. ref.[40]. Here we make use of the interpolating formula
dn(ρ) ∼ dρ
ρ5
(
ρΛQCD
)bQCD e−2piσρ2 (92)
in which the pre-exponential is the semi-classical contribution corrected to one-loop with
bQCD = 11Nc/3− 2Nf/3 ≈ 9. The exponent is model-dependent, with σ the QCD string
tension. (It is proportional to the dual magnetic condensate, that of Bose-condensed
monopoles, but we prefer the expression with the string tension which is experimentally
well determined to be σ ≈ 0.42 GeV2.)
In Fig.11 we show the effect of averaging over the instanton size distribution. We take
a simple typical exponential dependence on the momentum transfer, and compare it to its
version after the instanton size averaging
〈e−Qρ〉ρ =
∫
dn(ρ) e−Qρ∫
dn(ρ)
(93)
As one can see, at small Q the two curves coincide, but at large Q they differ significantly.
The small-size instantons become more important in this limit, and the exponential decay
with Q changes to an inverse power.
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FIG. 11. The blue dashed line is the exponential function e−Qρr.m.s. of momentum transfer Q,
and the solid line is the same function averaged over the instanton size distribution, plotted versus
Q2 (GeV2).
All of the Bessel functions Ki(Qρ) appearing above in the instanton-induced form
factors behave as ∼ e−Qρ at large Q, so the result of their averaging over the instanton
sizes is similar to what is shown in Fig.11. Yet, when we performed the instanton size
averaging of the functions F1,2, as given in (55), we found that their corrections due to
averaging differ substantially, resulting in significant changes in the outcome.
V. MESONIC LIGHT-FRONT DISTRIBUTIONS (WAVE FUNCTIONS)
A. Brief history of mesonic light front distributions
At asymptotically increasing momentum transfer log(Q2/Λ2QCD) → ∞ one should in-
clude perturbative processes of gluon radiation. When the light-front functions ϕpi(ξ) are
decomposed into Gegenbauer polynomials, each of the polynomial carries as a coefficient
a (negative) power of the preceding log with a calculable anomalous dimension. Asymp-
totically, only the leading contribution survives in the form (asymptotic wave function)
ϕpi → ϕasymptoticpi (ξ) =
3
4
(1− ξ2) = 6xx¯ (94)
Needless to say that this limit is very far from the realistic kinematic range of interest in
the present analysis. Heavy nonrelativistic quarks should have values of quark momenta
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around x ≈ x¯ ≈ 1/2. The opposite case of light quarks generate much wider distributions.
The ones used can be approximated by the form
ϕpi(ξ, p) =
Γ(3/2 + p)√
piΓ(1 + p)
(1− ξ2)p = 6
pΓ(3/2 + p)√
piΓ(1 + p)
(xx¯)p (95)
The case p = 1 is the “asymptotic” distribution, while the case p = 0 is called “flat”.
Several authors have used an intermediate case p = 1/2 called “semicircular”.
The pion is a particular particle, a Nambu-Goldstone mode, and therefore its properties
one can calculate in any theory in which chiral symmetry gets spontaneously broken.
Historically the NJL model and its nonlocal versions (some related with the instanton
liquid model) have been used to calculate the pion light-front wave function [7–9]. Before
we briefly discuss the results of “realistic” models, related to larger set of hadronic wave
functions, let us introduce some extreme cases. For example, in [41] a “flat” pion wave
function was used as an “initial condition” for radiative evolution. Some typical shapes
of the pion and other light meson wave functions stemming from some recent works, are
shown in Fig.12.
In contrast, in 1980’s Chernyak and collaborators [42] using the QCD sum rules arrived
at pion wave function
ϕCZ(x) = 30x(1− x)(2x− 1)2 (96)
known as “the double-hump” one. But, since then no support for this shape has materi-
alized, and it also does not agree with lattice results on momentum fractions, so we will
not discuss it. Let us state once again, that we see phenomenological failure of the pQCD
expressions not in the modified shape of the wave function, but in missing nonperturbative
part of the hard blocks.
The light pseudoscalar mesons P = pi,K, η are related to chiral symmetry breaking and
therefore they exist even in models without confinement, such as the NJL and ILM. Their
wave functions and parton distribution amplitudes (PDA) have been calculated in various
approximations. The question was addressed originally in the ILM framework in [43], and
more recently using the quasi-distribution proposal by one of us in [13]. The distribution
amplitude for the light P-pseudoscalars was obtained to be [13]
ϕP (x) =
2Nc
f2P
∫
d2k⊥
(2pi)3
θ(xx¯)
(k2⊥ +M2(0,mf )− xx¯m2P )
M2
(√k2⊥ +M2(0,mf )
λP
√
xx¯
)
(97)
where the momentum-dependent quark mass is
M(k) = M(0)
(∣∣∣∣z(I0K0 − I1K1)′∣∣∣∣2)
z= 1
2
ρk
(98)
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with the same cuto↵ k?   M(0) for light quarks u, d, s. For comparison, the result for the modified e↵ective quark
mass (57) is
 0P (x)!
2Nc
f2P
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d2k?
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k2?   xx¯m2P
M2(k?/ P
p
xx¯) (66)
In Fig. 5 we show the pion PDA (66) at LO for varying ⇢ but fixedM(0) = 386 MeV (solid curves) in comparison to
the asymptotic result of 6xx¯ [28] (dashed curve). We have set f⇡ = 93 MeV andm⇡ = 135MeV and fixed  ⇡ = 3.41894
for the overall normalization of the PDA with the modified e↵ective mass. (No such a modification is needed for the
unmodified e↵ective quark mass). The result at this low renormalization scale Q0 = 1/⇢ is remarkably close to the
QCD asymptotic result of 6xx¯ [28]. The single qq¯-component of the pion wavefunction is well described in the random
instanton vacuum (RIV) in the planar approximation at LO. Since the constituent mass M(0) ⇡M(0, 5) ⇡M(0, 150)
is almost unchanged for u, d, s, the kaon PDA is almost undistinguishable from the pion PDA at LO.
Our result for the pion PDA at LO is similar to the one obtained originally in [13] using time-like arguments with
a modified dipole e↵ective quark mass with very di↵erent analytical properties. It is overall analogous to the one
derived from modified holographic models [9]. As ⇢ ! 0, and the cuto↵ is removed, the pion PDA asymptotes the
middle-solid-red curve in Fig. 5 which is close to the normalized step function ✓(xx¯). The same result was noted for
chiral quark models with point interactions [11, 12], and some bound-state resummations [10].
In Fig. 6 we compare our result for the pion PDA shown in red-solid line (RIV) to the recently generated pion
PDA blue-wide-band, using lattice simulations using the large momentum e↵ective theory (LaMET) [2]. The QCD
asymptotic result black-dashed curve is again shown for comparison.
FIG. 5: Pion PDA (66) for varying instanton size ⇢ but fixed M(0) = 386 MeV (solid curves) in comparison to the
asymptotic result of 6xx¯ [28] (dashed curve).
C. QCD evolution of pion PDA
The pion PDA (66) is defined at a low renormalization scale set by the instanton sizeQ0 = 1/⇢ = 631 GeV. Assuming
factorization, its form at higher renormalization scales follows from a QCD kernel evolution equation (ERBL). Its
closed form solution in the form of Gegenbauer polynomials was given in [28]. More specifically, using (58) as an
initial condition, the ERBL evolved pion PDA is [28]
 ⇡(x,Q) = 6xx¯
X
n even
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◆ n/ 0
C
3
2
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and over (x01, x
0
2) in the other. But since this gives to-
tal probability of any values, the corresponding matrix
is proportional to this curious matrix Mall ones which has
all matrix element being just 1:
Hn1,n2NJL = ±G2Mall ones (21)
Mn1,n2all ones ⌘ 1
The sign minus correspond to 4-fermion attraction in the
pions, the sign plus to repulsion in the ⌘0 channel. Let
us explain why it is so, using the simplest 2-flavor case,
in which
|⇡0i ⇠ 1p
2
(u¯u+ d¯d)
and the isospin zero configuration orthogonal to it ⌘ (be-
coming ⌘0 in three-flavor theory) is
|⌘i ⇠ 1p
2
(u¯u  d¯d)
In matrix elements of the Hamiltonian, h⇡0|H|⇡0i and
h⌘|H|⌘i, the nondiagonal operator (u¯u)(d¯d) contribute
with the opposite sign, making the pion light and ⌘ heavy.
The opposite sign here is well known manifestation of
explicit Ua(1) breaking.
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Adding this last term of the Hamiltonian to the first
two, and diagonalizing, we obtain masses of these states.
The coupling we select from the requirement that pion
be massless, which leads to mesonic e↵ective coupling
G ⇡ 0.65GeV 2.
The probability to find a quark at momentum frac-
tion x, P = x(1  x) 2(x), should correspond to valence
structure functions. (Of course, we still are in 2-quark
sector and have no sea. There is no pQCD evolution and
gluons. )
The results from the diagonalization of H, for the
lowest states in the rho, pion and eta-prime channels
are plotted in Fig.3. Note that the predicted PDF
for ⇢ meson (in which the 4-fermion interaction is pre-
sumed to be absent) is peaked near the symmetric point
x = 1/2, s = 0. The pion one, in contrast, has a com-
pletely di↵erent flat shape, . As one compares the lower
plot to our result, one should keep in mind the fact that
the PDF include also contribution from sectors with the
quark number larger than 2, while ours (so far) do not.
Two historic remarks: (i) one needs to mention an
early model of the so called “double-hump” pion wave
function suggested in 1980’s by Chernyak and Zhitnit-
sky. In our notations their wave function corresponds
to the first harmonics only,  ⇡(s) ⇠ s. Our result does
not of course coinsides with it, yet we do find that lo-
cal 4-quark interaction does indeed make the x distribu-
tion much flatter (compared to “asymptotic” distribution
given by the measure alone ⇠ x(1  x) = (1  s2)/4).
(ii) Pion wave function was calculated within the instan-
ton liquid model in [16]: to the extent we can compare
the results are similar.
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TABLE I. Dependence of the PDF fitting parameters on the longitudinal basis cuto↵ Lmax. With Nmax = 8, the extrapolations
are carried out by fitting to quadratic functions of L 1max.
Lmax 8 12 1 20 24 28 32 Extrapolated to + 
 + a = b 0.8045 0.6978 0.6549 0.6351 0.6249 0.6195 0.6163 0.5961
K+ a 0.7415 0.6823 0.6611 0.6500 0.6500 0.6403 0.6414 0.6337
K+ b 1.0002 0.9193 0.8907 0.8757 0.8761 0.8625 0.8643 0.8546
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FIG. 2. (Color online) xf (x) as a function of x for the pion. The grey band corresponds to the pion valence PDF QCD-evolved
from the BLFQ PDF at the initial scale µ20  = 0.240± 0.024 GeV2 to the experimental scale of 16 GeV2. The solid black,
brown dot-dashed, and pink long-dashed lines are the accompanying valence quark, the sea quark, and the gluon distributions
respectively all at µ2 = 16 GeV2. Our valence PDF is compared with the original analysis of the FNAL-E-0615 experiment
data [6] as well as with the reanalysis of the FNAL-E-0615 experiment data [8]. The red band corresponds to the LFHQCD
prediction [33].
ing Lmax. Because the physical PDFs do not depend on
the lo gitudin l cuto↵, these oscillations are numerical
artifacts. To remove such artifacts, we fit the resulting
PDFs using the function
f(x) = xa(1  x)b/B(a+ 1, b+ 1), (12)
for each Lmax 2 {8, 12, 16, 20, 24, 28, 32}. Here
B(a+ 1, b+ 1) is the Euler Beta function that ensures
the normalization of Eq. (12). Subsequently, we fit the
Lmax dependence of these fitting parameters by quadratic
functions on L 1max and extrapolate to Lmax ! +1. The
resulting fitting parameters and their extrapolations are
given in Table I and the input PDFs of the pion and
kaon corresponding to the extrapolations of the fitting
parameters are shown in Fig. 1.
III. PDFS, STRUCTURE FUNCTION, AND
CROSS SECTIONS
A. PDFs and structure function
By performing the QCD evolution, the valence quark
distributions at high µ2 scale can be determined with the
initial input using Eq. (12) with parameters extrapolated
to the infinite longitudinal basis cuto↵ as given in the
last column of Table I. Specifically, we evolve our input
PDFs to the relevant experimental scales µ2 = 16 GeV2
and µ2 = 20 GeV2 with independently adjustable initial
scales of the pion and the kaon PDFs using the DGLAP
equations [73–75]. Here, we use the higher order per-
turbative parton evolution toolkit (HOPPET) to numer-
ically solve the DGLAP equations [81]. We find that the
initial scales increase when we progress from the leading
order (LO) to NNLO. Meanwhile the evolved PDFs fit
better to the experimental data demonstrated by smaller
values of  2 per degree of freedom (d.o.f.) at higher or-
ders, as shown in Table II. Since the results from the
higher order DGLAP equation appears more reliable due
to higher initial scales, only the results for the PDFs at
NNLO are presented in this paper.
We adopt µ20⇡ = 0.240± 0.024 GeV2 for the initial
scale of the pion PDF and µ20K = 0.246± 0.024 GeV2 for
the initial scale of the kaon PDF which we determine by
requiring the results after NNLO DGLAP evolution to
fit both the pion PDF data from the FNAL-E-0615 ex-
periment [6] and the ratio uKv /u
⇡
v data from the CERN-
NA-003 experiment [7]. At our central value of the ini-
tial scales, the  2 per d.o.f. for the fit of the pion PDF
is 3.64, whereas for the ratio uKv /u
⇡
v , the corresponding
FIG. 3: Upper: momentum distribution for pion, rho and
eta-prime mesons, calculated in the model. Lower (from [18])
comparison between the measured pion PDF (points) and the
JV model (lines).
Note surprisingly, the PDF for “repulsive” ⌘0 channel
moves in the opposit direction. In fact two maxima re
predicted, the larger one above x = 1/2 and a small one
near x = 1/4. While these predictions is not possible to
verify experimentally, one in principle should be able to
compare it with lattice data and other models.
Concluding this section, let us make few comments
on the main simplification, as compared to [7], namely
on ignoring wave function dependence on transverse mo-
menta. Note that even in this paper a comparison be-
tween wave functions with various cuto↵s in L (x-related)
quantum number is studied, with Lmax = 8, 16, 32,
while no similar discussion of dependence on (~p?-related)
Mmax is given. Since the aim of this paper is to extend
FIG. 12. Upper plot: the pion light front distribution function from [13]. Lower plot: the light
meson light front distribution functions from [6].
Here λP is a cut-off parameter of order 1, e.g. λpi = 3.41, and M(0) = 386 MeV with
an instanton size ρ = 0.3 fm. As shown in [13], this momentum dependence has been
confirmed by lattice studies. For a light current quark mass mf , the running effective
quark mass M(k,mf ) ≈ M(k) + mf . The corresponding shape of the wave function is
shown in the upper plot of Fig.12 as reproduced from [13], is in agreement with [43]. Both
calculations show a wave functions rather close to the asymptotic one, and very far from
the “double-hump” distribution (96).
Another approach to light front wave functions is based on some model-dependent
H milt ians. Jia nd Vary [5] in roduced a conve ient form of it, including constituent
quark masses (that is, chiral symmetry breaking), plus some form of confinement, plus
NJL-type residual interactions. This approach was followed by one of us [6], who calculated
the wave functions for the pi, ρ, η′ mesons, as shown in the lower plot of Fig.12. Also,
the wave functions for the ∆ and nucleon were given in [6], even with the inclusion of
the 5-light-quark tail, providing the first results for the antiquark distribution inside the
44
nucleon.
B. Two chiral structures of the mesonic distributions
We start this section from a generic discussion of chiral symmetry and its breaking.
Naively, in a theory with massless quarks chiral symmetry is exact. If it remains un-
broken, hadrons diagonal in chirality such as qLqL + qRqR, and non-diagonal in chirality
such as qLqR + qRqL would simply be different species, with different masses and wave
functions. Since chiral symmetry is spontaneously broken in the QCD vacuum (and at
low temperatures T < Tc), all such would be species are mixed together.
Starting from the QCD sum rule days of 1970’s, it is known that hadrons can be ex-
cited by local operators with different chiral structure. For example, positive pions can be
excited both by (chiral non-diagonal) pseudoscalar operator (d¯iγ5u) and (diagonal) axial
current (d¯γµγ5u). Yet the pion role in these two correlation functions is very different.
While in the pseudoscalar correlator the pion practically dominates from very small dis-
tances on, in the axial-vector correlator the A1 meson dominates, and only at rather large
distances a pion tail appears. The coupling to the axial-vector current fpi, is relatively
small, and vanishes if chiral symmetry is restored.
In the case of the pion, the density matrix or ”pion vertex” pi+(p)→ qifα(k)q¯jgβ(k−p)
corresponds formally to the connected amplitude
Φpi(x, y) =
〈
0|T ∗(q(x)[x, y]q(y))|pi(p)〉 (99)
with [x, y] a Wilson line. The conjugate density matrix is obtained by its Dirac conjugation
Φ
pi
(y, x) =
〈
pi(p)|T ∗(q(y)[y, x]q(x))|0〉 = γ0(Φpi(x, y))†γ0 (100)
Their explicit form (at the light front kz ≈ xpz) is
Φpi
+
ij,fg,αβ(k, k − p) ≈
(
δij
Nc
)(
0 1
0 0
)
fg
(
− ifpi
4
γ5(/pϕpi+(x) + χpiϕ˜pi+(x))
)
αβ
Φ
pi+
ij,fg,αβ(k, k − p) ≈
(
δij
Nc
)(
0 0
1 0
)
fg
(
γ0
(
− ifpi
4
γ5(/pϕpi+(x) + χpiϕ˜pi+(x))
)†
γ0
)
αβ
=
(
δij
Nc
)(
0 0
1 0
)
fg
((
− ifpi
4
γ5(/pϕpi+(x)− χpiϕ˜pi+(x))
))
αβ
(101)
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with the explicit label ij for color, fg for flavor and αβ for Dirac. Note that (101) is
explicitly odd under P parity, and consists of axial and pseudoscalar terms. The former
chirally-diagonal term has a pion decay constant fpi ≈ 133 MeV, which is fixed by the
semi-leptonic decay amplitude
〈
0
∣∣d(0)γµ(1− γ5)u(0)∣∣pi+(p)〉 = −Tr(γµ(1− γ5)(− ifpi
4
γ5/p
)) ∫ 1
0
dxϕpi+(x) ≡ −ifpi pµ
(102)
Here ϕpi+(x), the pion light front distribution, is normalized to 1. Isospin symmetry and
charge conjugation force ϕpi(x) = ϕpi(x).
The second (chirally non-diagonal) term has, in principle, an independent pion wave
function ϕ˜pi+(x). It is in fact the primary pseudoscalar part, surviving when chiral sym-
metry is restored at T > Tc. It also has a larger coupling constant (wave function at the
origin), and yet it was never retained to our knowledge in the pre-asymptotic estimate.
(The only reason we can think of is that weak pion decays proceed primarily through
the axial-vector current). The value of the dimensionful constant χpi can be fixed by the
divergence of the axial-vector current and the PCAC relation
−(mu +md)
〈
0
∣∣d(0)iγ5u(0)∣∣pi+(p)〉 =(mu +md) Tr(iγ5(− ifpi
4
γ5χpi
)) ∫ 1
0
dx ϕ˜pi(x)
=(mu +md) fpiχpi ≡ fpi√
2
m2pi (103)
with ϕ˜pi+(x) also normalized to 1. Using the Gell-Mann-Oakes-Renner relation
f2pim
2
pi = −2(mu +md) 〈qq〉 (104)
with | 〈qq〉 | ≈ (240 MeV)3, which yields
χpi =
1√
2
m2pi
(mu +md)
≈ 1.2 GeV (105)
Note that while the coupling to the pseudocalar current is numerically large compared to
fpi, this term flips the quark chirality. For the vector form factor, this term contributes
typically subleading corrections ∼ χ2pi/Q2. However, as we have shown in our summary
results, its contribution is far from being negligible in the kinematical region of interest.
The same reasoning applies to the vector mesons, e.g. ρ+ we will discuss below. More
specifically, the rho-meson density matrix for longitudinal polarization reads
Φ
ρ+L
ij,fg,αβ(k, k − p) ≈
(
δij
Nc
)(
0 1
0 0
)
fg
(
− ifρ
4
/p
)
αβ
ϕρ+L
(x) (106)
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which is even under parity. Here fρ ≈ 144 MeV is fixed from the electromagnetic decay
ρ→ e+e− .
〈
0
∣∣d(0)γµu(0)∣∣ ρ+L (p)〉 = −Tr(γµ(− ifρ4 /p
)) ∫ 1
0
dxϕρ+L
(x) ≡ ifρ pµ (107)
and ϕρ+L
(x) the longitudinal rho-meson light cone wavefunction normalized to 1. In lead-
ing order, the current (107) is still conserved since the longitudinal polarization satisfies
mρ
µ
L(p) = p
µ +O(mρ/p) in the large pz limit.
In the results section above and for brevity, we only state the results for the trans-
versely polarized ρ. Also for simplicity of the expressions, we assume that both incoming
and outgoing ρ have polarization vector µT nonzero only for transverse µ = 1, 2. The
corresponding rho-meson density matrices are
Φ
ρ+T
ij,fg,αβ(k, k − p) ≈
(
δij
Nc
)(
0 1
0 0
)
fg
(
− i
4
/T (fρmρ ϕρ+T
(x) + f˜ρ/p ϕ˜ρ+T
(x))
)
αβ
(108)
Φ¯
ρ+T
ij,fg,αβ(k, k − p) ≈
(
δij
Nc
)(
0 1
0 0
)
fg
(
i
4
/T (fρmρ ϕρ+T
(x)− f˜ρ/p ϕ˜ρ+T (x))
)
αβ
(109)
We note that both contributions /Tmρ and /T /p = Tµpνσ
µν (because µT pµ = 0) yield a
parity even rho meson vertex. The two components are chirality conserving and chirality
flipping, respectively. Again, fρ ≈ 144 MeV is the rho electromagnetic decay constant.
The second constant is not fixed a priori, but in the results section plots given above, we
assumed f˜ρ = fρ. Both wave functions are normalized to 1, with
〈
0
∣∣d(0)γµu(0)∣∣ ρ+T (p)〉 = −∫ 1
0
dxTr
(
γµ
(
− i
4
/T (fρmρ ϕρ+T
(x)+f˜ρ/p ϕ˜ρ+T
(x))
))
≡ ifρmρ µT
(110)
VI. DISCUSSION AND OUTLOOK
A. Nonperturbative quark-quark interactions at the few-GeV2 scale
We start by emphasizing the chief motivation and result of this work. In the momentum
transfer range of interest Q2 ∼ fewGeV2, the quark-quark interactions are much more
complex than just the lowest-order one-gluon exchange. Clearly, some nonperturbative
effects (and higher order gluon diagrams) are needed to quantitatively explain many ob-
servations, with the mesonic form factors addressed here being just the simplest examples.
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We argued that, while in this kinematic domain the dynamics is complex, the collinear
factorization framework should still hold. Indeed, it is based on the purely kinematic
separation of the hard probing scale Q2 from the soft internal scale 〈p2⊥〉 ∼ 0.1 GeV2. The
separation of those scales still allows to separate any exclusive process into two parts: (i)
the (quasi) local hard block operator, and (ii) the light front distributions.
In the introductory section I B we indicated, that the NJL 4-fermion operators, fitted to
chiral phenomenology, have magnitude comparable to those from perturbative one-gluon
exchange. We argued therefore, that in order to understand the magnitude of hadronic
form factors (and other exclusive reactions) one has to include them.
In this spirit, we performed a relatively long calculation of only a part of the non-
perturbative effects we can evaluate at this point, namely the instanton-induced ones.
Our results confirmed that their contributions are indeed comparable or leven larger than
the perturbative ones at the low edge of the region discussed, Q2 ∼ 2 GeV2. Their role
decreases at larger Q2, but they are still important even at its upper end Q2 ∼ 10/,GeV2.
We also found that the traditional literature included an incomplete density matrix
of mesons. While one chiral component of the pion density matrix, with the axial oper-
ator, contains momentum, and the pseudoscalar does not, we still found that the latter
contribution is about twice larger than the former one in the range of momenta considered.
Taking together the perturbative axial and pseudoscalar density matrix, and the gluon
and instanton contributions, we found a reasonable magnitude for the total vector pion
form factors. In fact it matches smoothly with the data (and the monopole fit) at the
lower end of the domain. Note that this happened in a rather nontrivial way, and without
any parameter specially fitted. In particular, we anticipated the zero mode contribution
V pid to be the leading one, only to find that it is zero!
A direction we took in this work aims at as many form factors as possible, evaluated in
the same framework. We separately identified the effect of instantons into the hard block,
for scalar and vector form factors. We then convoluted those with the full form of the
density matrix, for the pseudoscalar and (transversely polarized) vector mesons.
For technical reasons, we restricted our analysis to hadrons made of light quarks. In this
case only, we have the analytic expressions for the non-zero mode propagators. However,
for strange (and perhaps even charmed) quarks one can anticipate inclusion of the masses
as perturbations.
Since the results were already presented upfront in section II, we will not repeat our
comments here. Instead, we will now take a wider perspective and speculate on how these
results can be combined with other theoretical and phenomenological inputs, to attack a
general problem of understanding forces acting between quarks.
Let us start recall that important inputs were provided by the point-to-point correlation
functions at intermediate distances x ∼ 1/Q, with the scale of interest Q2 ∼ few− GeV2.
The setting is schematically explained in Fig.13. In a way, these studies revealed what can
be called “the form factors of the QCD vacuum”. As discussed in detail e.g. in [1, 26], at
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small distances they are described by pQCD diagrams, and at large distances by “meson
exchanges”. At intermediate distances, of interest here, one finds a rather rich channel-
dependent set of correlators. (This richness was first historically emphasized in the title
of Ref [44]: “ Are all hadrons alike?”)
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FIG. 13. Two diagrams for in-vacuum correlation functions. The rhombuses correspond to two
operators 〈O(0)O(x)〉 inserted at Euclidean coordinates 0 and x ∼ 1/Q. The blue circles refer to
a nonperturbative background field.
The point-to-point correlation functions on the lattice provided wave functions at the
origin in the form of constants like fpi, χpi, fρ, needed for form factors. The strong splitting
between the light pi − σ with m2pi ≈ 0 and m2σ ≈ 0.2 GeV2 on one hand, and η′ − δ with
m2η′,δ ∼ 1 GeV2 on the other, historically provided a motivation for the dominance of
instanton-induced forces described by the effective ’t Hooft Lagrangian
OtHooft ∼ (u¯LuR)(d¯LdR) + (L↔ R)
There are direct lattice evidences (e.g. [37]) that this operator is indeed dominant in
the vacuum. One can certainly do now much more systematic lattice studies of multiple
correlation functions at small/intermediate distances, and quantify the strength of all
relevant 4-fermion operators
OΓ = (q¯Γq)(q¯Γq)
That will put the NJL-type modeling of quark-quark forces on a more quantitative basis.
Although it may not be directly relevant here, let us also mention here another area in
which an interesting phenomenology of quark interaction, in the same range of momentum
transfer, has been developed: the physics of Pomerons and diffractive processes. In Fig. 14
we schematically show two basic processes, the high energy elastic scattering and the
double-diffractive production (sometimes called Pomeron-Pomeron collisions).
In the lowest perturbative order, the Pomeron is just a two−gluon exchange. In higher
orders it is given by ladder diagrams producing the so called BFKL Pomeron [46, 47]. At
intermediate Q one also think of it as (Reggeized) exchange of glueballs. It is worth
recalling, that the first one on the Pomeron trajectory is not the lowest scalar glueball,
but a tensor one JPC = 2++. This correlates well with recent demonstrations [45, 48] that
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FIG. 14. Elastic high energy collision of hadrons (upper) and double-diffractive production of a
hadron (lower plot). Note that Pomeron-Pomeron-(tensor) Hadron may have many different index
structures, but it is the “triple-graviton” one which explains the data [45].
the Pomeron is also an object possessing a symmetric polarization tensor hµν . Finally,
note that in the holographic models of QCD the Pomeron and tensor glueballs are just
certain parts of Reggeized graviton exchanges that sum up to a close string exchange [49,
50]. Taking this into account, one may expect to find among the quark-quark forces the
operator containing the product of two stress tensors
OTT = (q¯∂µγνq)(q¯∂µγνq)
The problem however remains: we do not entirely understand the mechanisms of the
quark-antiquark scattering , at any level of precision. The instantons are not the only
nonperturbative objects in the QCD vacuum. The (nearly 60 years old) NJL Lagrangian
still remains just a guess.
B. Where should further progress happen?
As we emphasized from the Introduction, in spite of significant efforts, experimental
measurements of the pion and kaon form factors have hardly entered the semi-hard domain
of Q2 discussed. Perhaps with a new facility, EIC in Brookhaven, there will be some
progress in this direction.
We anticipate a more rapid progress in lattice calculations. Finally, simulations with
physical light masses became possible, and chiral dynamics is under control.
Current lattice studies (of the vector pion form factors in [51, 52] and scalar form
factors [53]) are restricted to momentum transfer range Q2 < 1 GeV2. In order to get
to larger momentum transfer, one needs lattices with smaller lattice spacing. With this
in mind we have picked up a sample of mesonic form factors carried by the HPQCD
collaboration, see Fig. 15. The strategy of HPQCD is to approach the problem gradually,
from heavier to lighter quarks. The natural expectation is that the physics of the heavy
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where fP is the decay constant of meson P. The scale of as is reasonably taken as Q/2 here [6] be-
cause this is the momentum flowing through the gluon when the meson’s quark and antiquark share
its momentum equally. O(a2s ) corrections to the hard scattering process have been calculated [7, 8]
and have a coefficient of 1.18 when the scale of as is taken as Q/2.
In the vector form factor case above, quark helicity is conserved at both the photon and the
gluon vertices (up to quark mass effects) to allow a spin 0 meson to be turned around by the
interaction. For the scalar form factor case, helicity would not be conserved at the scalar vertex and
so we would expect the form factor to be suppressed by an additional power of Q2 relative to the
vector case.
Note that these expectations, both qualitative and quantitative (Eq. (3.1)), are predictions of
theory and therefore hold for pseudoscalar mesons made of quarks with unphysical masses as well
as for physical ones. In lattice QCD we can calculate vector form factors for electrically neutral
mesons by inserting a vector current on only one leg. Comparison of scalar form factors to expec-
tations also now becomes possible. These examples show that the scope for testing perturbative
QCD using fully nonperturbative lattice QCD results is not restricted to those mesons, or processes,
which could be studied experimentally. Also note that no quark-line disconnected diagrams appear
in Figure 2 and so they are irrelevant to any comparison between lattice QCD and the perturbative
QCD result.
The key question to be answered is: at what Q2 does perturbative physics start to be relevant
to these form factors? Perturbative QCD allows us to connect these form factors, for example
through determination of corrections to the distribution amplitudes, to other exclusive processes. If
perturbative QCD is not valid until very high Q2 values, then neither is this connection.
4. Results - K
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Figure 3: The vector form factor for the K meson. On the left we give results for the strange and light
currents separately, with lattice results at three values of the lattice spacing and light quarks masses either
ms/5, ms/10 or the physical value. The pink dotted lines show the form factor expected from vector pole-
dominance. The fit results in the continuum limit for physical u/d quark mass are shown as the grey bands.
The fit for the s-quark current is compared to our earlier result [1] for the hs in green.
3
3
condition’ method [41] and are chosen to be in the (1,1,1)
direction to minimise discretisation e↵ects. We use ⌘s
mesons made with the local  5 (Goldstone) operator; in
staggered quark parlance this corresponds to spin-taste
 5⌦  5 [34]. For our 3-point correlation functions we use
a 1-link temporal vector current with spin-taste  0 ⌦ 1.
We fit 2- and 3-point correlators simultaneously using
Bayesian methods [42] to constrain fit parameters and
determining the covariance between results at di↵erent
Q2 values. The fit forms are [31, 37]
C2pt(~p) =
X
i
b2i (p)f(Ei(p), t
0) + o.p.t.
C3pt(~p, ~p) =
X
i,j
⇥
bi(p)f(Ei(p), t)Jij(Q
2)bj(p)⇥
f(Ej(p), T   t)
⇤
+ o.p.t.
f(E, t) = e Et + e E(Lt t) (3)
The HISQ action gives opposite parity terms (o.p.t.) for
⌘s mesons at non-zero momentum; they are similar to the
terms given explicitly above but with factors of ( 1)t0/a.
The fit parameters are chosen to be the log of the ground-
state energy, E0, and the log of energy di↵erences be-
tween the (ordered) excitations, i. For our kinematic
set-up F⌘s(Q
2) = J00(Q
2)/J00(0), with J00 the ground-
state to ground-state amplitude. The division by J00(0)
provides the normalisation of the lattice current. Results
for the renormalisation factors inferred from J00(0) are
given in Appendix A.
We use priors of 800± 400 MeV for the energy splitting
between successive excitations and prior widths on am-
plitudes bi and Jij of at least 2 times the ground-state
value. We take results from fits that include 6 expo-
nentials where ground-state values and their uncertain-
ties have stabilised and we have checked that the prior
widths have only a minor impact on these uncertainties.
Although we are only interested in ground-state proper-
ties here, our correlators are precise enough to resolve the
first excited state. We have checked that its mass (around
950 MeV above the ground-state) is in reasonable agree-
ment with that for an excited 0  ss state seen in [43].
Note that we do not expect multi-meson (for example two
kaon) energy levels to appear in our spectrum since the
overlap of such states with our single meson operators is
very small, being suppressed by the volume [44].
Results for the (ground-state) form factor are given in
Table II and Q2F (Q2) is plotted in Figure 2. Results on
di↵erent ensembles lie close to each other, showing that
e↵ects from discretisation and di↵erent u/d masses are
very small. Tests of discretisation e↵ects from studies of
the meson energy and decay amplitudes as a function of
spatial momentum are reported in Appendix B. We also
show in Appendix B (see Figure 3) how statistical errors
in the form factor grow as a function of Q2 and (Qa)2.
It is in fact the statistical errors that provide a practical
limit to how high in Q2 we can reach here for di↵erent
values of the lattice spacing. Note that the finer lattices
have larger reach in Q2 than the coarse.
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FIG. 2: Lattice QCD results for the vector form factor of
the ⌘ meson, multiplied by Q2 to focus on the large Q2 be-
haviour, plotted as a function of Q2. From coarse to fine:
set 1 results are given by green pluses, set 2 by blue crosses,
set 3 by blue bursts and set 4 by red triangles. Error bars
include statistical/fit errors and uncertainties from the lattice
spacing correlated between points. The black dashed line and
grey band (for ±1 ) give the physical-point curve discussed in
the text. The green dashed line marked ‘pole’ gives the pole
form (P 1  ), for comparison. The orange dotted line marked
‘PQCD 1’ gives the asymptotic perturbative QCD prediction
and that marked ‘PQCD 2’ includes non-asymptotic correc-
tions to the distribution amplitude discussed in the text.
To determine the form factor in the physical contin-
uum limit we must extrapolate in the lattice spacing
and sea u/d quark mass. We do this using a model-
independent parameterisation of the form factor now
standard in both theory and experiment for semileptonic
weak decays (see [46] for a recent review), mapping the
domain of analyticity in t = q2 onto the unit circle in z.
Since z < 1 we can then perform a power series expansion
in z. We take [47]
z(t, tcut) =
p
tcut   t 
p
tcutp
tcut   t+
p
tcut
(4)
where tcut in our case is equal to 4M
2
K . We choose the
point that maps to z = 0 to be q2 = 0, for simplic-
ity; this gives zmax of 0.46 at Q
2 = 6GeV2, well below
1. Rather than F (Q2) we work with P (Q
2)F (Q2), us-
ing P (Q
2) = (1 + Q2/M2 ). The product P F has re-
duced z-dependence because P 1  is a good match to the
form factor at small Q2 (the   being the ss vector me-
son) and it has the correct Q 2 dependence at large Q2
(but the wrong value: see Figure 2). To combine a z-
expansion with lattice QCD results we simply allow the
coe cients in the expansion to have independent a- and
msea-dependence. Adapting the method from [48], we
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Figure 5: The vector and scalar form factors for the hc meson (datapoints from 3 different values of the
lattice spacing) and fit result extrapolated to a= 0 (grey bands). Both form factors are normalised by dividing
by their value at Q2 = 0. We also show the leading-order asymptotic perturbative QCD result (Eq. (3.1)) and
the result from adding next-to-leading-order terms [7, 8] to the hard scattering kernel along with (hatched
band) possible uncertainties from missing terms at a3s .
sign of falling faster than 1/Q2 (so that Q2⇥F would fall) as would be expected from the helicity
arguments above [6].
6. Conclusions
We a able to calculate the electromagnetic form factor for the K+ meson for the first time
from lattice QCD. This gives a clear prediction, with uncertainties at the few percent level, for
experiments starting at Jefferson Lab [2]. We are able to obtain results up to Q2 of 4GeV2 and,
although this is not yet a high value of Q2, the disagreement with the symptotic perturbative QCD
result is substantial (a factor of 2).
As further tests of perturbative QCD we can calculate both vector and scalar form factors
for the pseudoscalar hc meson up to Q2 = 25GeV2. Similar qualitative features to those in the K
case are seen, but with the gap closing somewhat between the vector form factor and the expected
high-Q2 perturbative QCD result.
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FIG. 15. Mesonic formf ctors calculated n the lattice by HPQCD collaboration: K-meson [54],
ηs [55] and ηc [54] , top to bottom.
quark system is simpler, since their nonrelativistic wave functions, and some other aspects
are under b tter theoretical co trol. Heavier quark flavors are ex ected to be less involved
in nonperturbative interactions. Starting with the b, c system, and going down to the
strange quarks, we note that they become more relativistic, and more sensitive to the
details of chiral symmetry breaking and its nonperturbative origins. On the lattice one
can of course dial any valu for the quark masses.
In the vector channels, mesons made of d fferent flavors do not mix much, and one
might think that the ρ → φ → J/ψ sequence can be smoothly connected via a change
in mass. However in the light pseudoscalar cha nels we know the mixing is very strong.
Furthermore, it is complicated by the broken chiral UA(1) symmetry, due to which η
′ is
not partner to the octet stat s at all. (This is a strong indic tio f the ominance of ’t
Hooft-like interaction, which is flavor-nondiagonal by construction.)
In order not to deal with such issues, in [55], an a tifi ial particle called ηs was invented.
It is different from the physical η or η′. Its definition can be explained as follows: imagine
that there are two more species of strange quarks, s′ and s′′, which have the same mass
as the standard ms. Their additional properties are: (i) they are not identical, so the
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pair s¯′s” cannot annihilate, and the correlators consist only of the connected one-loop
diagram, while the (very costly) disconnected two-loop diagram does not exist. This
construction avoids the calculation of that diagram which is technically challenging; (ii)
Also for simplicity, one of these presumed quarks is given an electric charge es′ = 1, and the
other one is chargeless with es′′ = 0, eliminating half of the diagrams. It was numerically
found that in the range Q2 ≈ 2− 9 GeV2, the ηs form factor times Q2
Q2Fηs(Q
2) ≈ 0.6 GeV2 (111)
is approximatly constant, with no indication to reach the pQCD asymptotic value, which
is significantly smaller. Almost identical results were recently obtained for the K meson
form factor.
For the charmed ηc meson, the vector form factor was calculated to significantly higher
momentum transfer Q2 ∼ 25 GeV2. Again, Q2Fηs remains approximately constant, also
about twice larger than the asymptotic value. Even more disturbing are the data for
the scalar form factor (think e.g. about a Higgs exchange instead of a photon), which
is also about constant Q2F scalarηs , in contradiction with the chirality flip suppression rule
predicted by the gluon exchange mechanism. Furthermore, the numerical value of this
constant is larger than for vector form factor, by another factor 2!
Now: what is the relation between these numerical observations and the results ob-
tained in this work using instantons?
Formally speaking, our calculations are done for massless quarks, while the lattice data
under consideration are for quarks no lighter than the strange one. But, the strange quark
mass is small enough m2s  Q2, in first approximation it should not matter, and in fact
it can perhaps be included perturbatively in the instanton propagators.
What we found is a combination of a perturbative contribution, with Q2F (Q2) weakly
growing with Q2, and various instanton contributions, decreasing with Q2. Their sum
mimics a near-constant behavior observed on fine lattices of HPQCD collaboration, if the
parameters are fitted (which, we repeat, we don’t do in this work.)
Looking at the lattice ηc form factors shown, one notes that this constant behavior holds
up to rather high Q2. Multi-gluon diagrams lead to a correction of order (1 + 1.18αs) [56],
that can partly help to bridge the gap between the lattice results and the pQCD for the
vector form factor. However, this correction would not help for the scalar form factor, as
gluon exchange cannot create the necessary chirality flip, except through a penalty factor
mf/Q. However, our results explain the presence of scalar form factors by non-vanishing
cross-terms, between two chiral structures in the distributions.
Finally, let us emphasize that we calculated what we could. We realize that instantons
are only some fraction of the nonperturbative forces between quarks. (But they are the
only ones for which full massless quark propagators are available.) So we expect some qual-
itative but not a full quantitative agreement with our results. With better measurements
of more form factors we may find it necessary to introduce some other non-perturbative
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mechanisms of quark-antiquark interactions, other than the one-gluon exchange and in-
stantons. Perhaps, for heavy quarks, one can proceed along the line of Ref [57], starting
from the heavy quark limit.
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Appendix A: Notations and kinematics
The definition of momenta are given in Fig.1(a). Note that in the Breit frame the
initial meson momentum pµ = (0, 0, Q/2, Q/2), and the final meson momentum is p
′
µ =
(0, 0,−Q/2, Q/2), where we ignored the meson mass p2µ ≈ 0. Note that we put the energy
as the 4-th component rather than the 0-th as we do in Euclidean notations, and that we
call the two first components transverse, for the momenta and polarization vectors.
Since we consider as an example mesons with charge +1 or d¯u flavors, the upper line
in Fig.1(a) corresponds to a u quark, and its direction is assumed to be left-to-right.
The other line (d¯ with underlined momenta ki) has flow of baryon charge in the opposite
direction, right-to-left, which is reflected in the definition of its momenta with opposite
sign. Therefore, in our notations
pµ = kµ1 − kµ1 , p′µ = kµ2 − kµ2
For completeness, let us mention that momentum conservation corresponds to pµ + qµ =
p′µ. In Minkowskian kinematic we use the standard Dirac “slash” notations
p/ ≡ pµγµ
Our set of gamma matrices are in the chiral basis, meaning that γ5 is diagonal.
Appendix B: Instanton field and its Fourier transform
Throughout, we will use the conventions and notations developed in [58–60] for the
instanton calculus. Superposition of instantons only makes sense if they are all in the so
called singular gauge
Aaµ(x) =
2
g
η¯aµν
ρ2(xν − zν)
(x− z)2((x− z)2 + ρ2) (B1)
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=
2
g
η¯aµν(xν − zν)
[ 1
(x− z)2 −
1
((x− z)2 + ρ2)
]
All Fourier transforms will be carried using
F(±k) ≡
∫
d4x e∓ik·x F(x) (B2)
The instanton Fourier transform is
Aaµ(k) =
4pi2
g
η¯aµν
∂
∂kν
( 1
k2
− ρ
k
K1(kρ)
)
(B3)
where K1 is the Bessel function. Quite characteristically, one finds two terms, one decay-
ing as a power of k as 〈A∗µ(k)Aµ(k)〉 ∼ n/k6, supplemented by a term which decreases
exponentially at large k, ∼ e−kρ. The former term comes from the point-like gauge topo-
logical singularity at the origin ∼ xν/x2, and therefore it does not depend on instanton
size ρ. It is spurious. The latter originates from the regular bracket.
Following [58–60], we use the short hand matrix-valued notation x ≡ σµxµ and x ≡
σµx
ν , with the covariantized Pauli matrices in Euclidean and Minkowski space defined as
Euclidean : σµ = (1,−i~σ) σµ = (1,+i~σ) σµσν + σνσµ = 2ηµν
Minkowski : σµ = (1,−~σ) σµ = (1,+~σ) σµσν + σνσµ = 2gµν
with metric gµν = (+,−,−,−), ηµν = δµν , and satisfying the identities
σµσν − σνσµ = 2iηaµντa σµσν − σνσµ = 2iηaµντa (B4)
with the η-tHooft symbol. The spinor indices are α, β = 1, 2, and the color indices are
i, j = 1, 2, ...Nc. We will carry the analytical continuation from Euclidean to Minkowski
space using the prescription for space-like momenta q2M ≤ 0
q2E → −q2M + i0 ρ
√
q2E → ρ
√
−q2M (B5)
For time-like momenta q2M > 0, it is more appropriate to use the double prescription
q2E → −q2M + i0 ρ
√
q2E → ρ
√
q2M argρ = −arg
√
q2 (B6)
The analytical continuation in the instanton size ρ→ −iρ compensates for the extra phase
obtained when analytically continuing in momentum. Since we are formally integrating
over the instanton size distribution which is fixed by the saddle point, this continuation is
absorbed by the ρ-integration measure (92).
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Appendix C: Fermionic zero modes
In Dirac notations, the zero modes are eigenstates of (1± γ5)/2. The instanton admits
a left-handed zero mode ΨL(x) and the anti-instanton a right-handed zero mode ΨR(x)
ΨL(x) =
(
0
φαi (x)
)
ΨL(x) = Ψ
†
L(x)γ
0 = (φ†iα (x) ≡ Kiα(x), 0)
∫
d4xΨ+L (x)ΨL(x) = ρ
ΨR(x) =
(
Kiα(x)
0
)
ΨR(x) = Ψ
†
R(x)γ
0 = (0,K†αi (x) ≡ φ
α
i (x))
∫
d4xΨ+R(x)ΨR(x) = ρ
(C1)
with each zero mode normalized to ρ. We have denoted the instanton zero mode and its
conjugate by Weyl spinors
Kiα(x) =
ρ
3
2
pix4
(xU)iα
Π
3
2
x
=
2piρ
3
2
Π
3
2
x
(S0(x)U)
i
α
φ
α
i (x) = (K
†)αi (x) =
ρ
3
2
pix4
(U †x)αi
x4Π
3
2
x
=
2piρ
3
2
Π
3
2
x
(U †S0(x))αi (C2)
Here  is the antisymmetric spin 2-tensor with the normalization ασ
σβ = δβα, and
Πx = 1 +
ρ2
x2
S0(x) =
x
2pi2x4
S0(x) =
x
2pi2x4
(C3)
with S0(x) the free massless quark propagator. The latter follow from free Dirac spinors
χ(k) = χR(k) + χL(k) as the sum of free Weyl spinors, and satisfy
/kχ(k) = /k
(
χR(k)
χL(k)
)
=
(
0 k
k 0
)(
χR(k)
χL(k)
)
=
(
kχL(k)
kχR(k)
)
= 0 (C4)
with the free-wave normalizations
χL,R(k)χ
†
L,R(k) = k, k χ
†
L,R(k)χR,L(k) = 0 (C5)
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Appendix D: Details of the averaging in (52)
The first bracket in (52),
〈
k2
∣∣∣∣∂ S (q)S ∂ 1 + γ52 + ∂ S (q)S ∂ 1− γ52
∣∣∣∣ k1〉 (D1)
when converted to the configuration representation, is dominated by the large x, y-
asymptotics of the propagators on mass-shell. This translates formally to S(x, z) →
S0(x − z)/
√
Πz to the left, and S(z, y) → S0(z − y)/
√
Πz to the right, and similarly for
S(x, z) and S(z, y). With this in mind, (D1) gives
(
(q)
1 + γ5
2
+ (q)
1− γ5
2
) ∫
d4z
eiq·z
Πz
(D2)
independently of the color orientations U with
∫
d4z
eiq·z
Πz
= −∂2q
∫
d4z eiq·z
∫ ∞
0
dλ e−λ(z
2+ρ2) = −4pi2ρ4
(
K1(ξ)
ξ
)′′
ξ=ρq
(D3)
which at large q asymptotes ∼ e−ρq/(ρq)3/2, plus an additional contribution
(
1
ik2
σµ [Uσµ (−i∂q)U †] (q)
(
1− γ5
2
)
− (q)σµ [U(−i∂q)σµ U †] 1
ik1
(
1 + γ5
2
) ) ∫
d4z eiq·z
ρ2
z4Π2z
(D4)
which depends on the color orientations with
∫
d4z eiq·z
ρ2
z4Π2z
= −ρ2 ∂
∂ρ2
∫
d4z eiq·z
1
z2 + ρ2
= −2pi2ρ2
(
(ξK1(ξ))
′
ξ
)
ξ=qρ
(D5)
which asymptotes ∼ e−ρq/(ρq)1/2.
The contribution (D3) amounts to the instanton contribution to the electric form factor
on a single quark line. To understand the electric or magnetic nature of the contribution
(D4-D5), we average it over the instanton color moduli using the identity
∫
dU U iα U
†β
j =
1
Nc
δijδ
β
α (D6)
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to have
(
− k2
k22
q (q)
(
1− γ5
2
)
+ (q) q
k1
k21
(
1 + γ5
2
) )(
− 4pi
2ρ4
Nc
1
ξ
(
(ξK1)
′
ξ
)′)
(D7)
On a single quark line with q = k2−k1 and both ends on mass-shell, (D7) yields the vector
vertex
q2
M2Q
(
1 +O
(
k1,2
q
)) (
(q)
1 + γ5
2
+ (q)
1− γ5
2
) (
− 4pi
2ρ4
Nc
1
ξ
(
(ξK1)
′
ξ
)′)
(D8)
We regulated the emerging poles using k21,2 = 0 → −M2Q in Euclidean signature. (D8) is
seen as an additional instanton contribution to the electric form factor of a single quark
line, much like (D3).
The second bracket in (52)
〈
k1
∣∣∣∣∂ S ∂ 1 + γ52 + ∂ S ∂ 1− γ52
∣∣∣∣ k2〉 (D9)
can be LSZ reduced exactly. More specifically, applying the LSZ reduction to the right of
the second term in (D9) and retaining only the leading k22 → 0 contribution give
[ ∫
d4x e−i(k2−k1)·x
ik1√
Πx
(
1 +
ρ2
2x2
[Uxk2U
†]
k2 · x
(
1− eik2·x
))
+O(k2)
]
1− γ5
2
(D10)
Similarly, applying the LSZ reduction to the left of the first term in (D9) and retaining
only the leading k21 → 0 contribution give
[ ∫
d4x e−i(k2−k1)·x
(
1 +
ρ2
2x2
[Uk1xU
†]
k1 · x
(
1− e−ik1·x
))
ik2√
Πx
+O(k1)
]
1 + γ5
2
(D11)
In the limit k1,2 → 0, the contributions in (D10-D11) do not vanish unless the integrals
develop singularities which can only arise from the large x-asymptotic of the integrands,
as the contributions for x ≈ 0 are all finite. For instance, for a single quark line (D11)
after color averaging gives
ik2
∫
d4x e−i(k2−k1)·x
(
1 +
ρ2
2Ncx2
(
1− e−ik1·x
))
1√
Πx
+O(k1)
=ik2
(
(2pi)4 δ4(k2 − k1)−
2pi2ρ2
(k2 − k1)2
(
1− 1
Nc
)
− 2pi
2ρ2
k22
1
Nc
)
+O(k1,2)
≈ik2
(
(2pi)4 δ4(k2)−
2pi2ρ2
k22
((
1− 1
Nc
)
+
1
Nc
))
+O(k1,2) (D12)
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with the approximation k2 − k1 ≈ k2 near the Euclidean mass shell. This approximation
supports retaining only the 1-contribution in (D10-D11), with the final result in Euclidean
signature
2pi2ρ2
((
1− 1
Nc
)
+
1
Nc
)(
1
ik1
1− γ5
2
+
1
ik2
1 + γ5
2
)
(D13)
Appendix E: Rules for the diagrams with an instanton insertion
In Fig. 16 we illustrate the LSZ reduced Feynman diagram for incoming and outgo-
ing waves stemming from an instanton zero mode. More specifically, each LSZ reduced
diagram corresponds to
Fig. 16A =
∫
d4x1 φ(x1)
←−
∂ x1χL(k1)e
−ik1·x1 = φ(k1)(ik1)χL(k1)
Fig. 16B =
∫
d4x1 χ†R(k2
−→
∂ x1K(x1)e
+ik2·x1 = χ†R(k2)(−ik2)K(−k2)
Fig. 16C =
∫
d4x1 φ(x1)
←−
∂ x1χL(k2)e
+ik2·x1 = φ(−k2)(−ik2)χL(k2)
Fig. 16D =
∫
d4x1 χ†R(k1)
−→
∂ x1K(x1)e
−ik1·x1 = χ†R(k1)(ik1)K(k1)
(E1)
with the instanton localized at Z = 0. The integration over the collective Z-location
of the instanton (anti-instanton) in a given diagram gives rise to overall 4-momentum
conservation
(2pi)4δ(k1 + k1 + q − k2 − k2) (E2)
The LSZ reduction of the quark zero modes (C2) amounts to the amputation of the free
quark propagator in the large-x limit with Πx → 1. In momentum space this amounts to
lim
k2→0
χ†R(k) ik K
i(−k) = −2piρ 32χ†Rα(k)αβU iβ
lim
k2→0
φj(−k)(−ik)χL(k) = +2piρ
3
2U †βj βαχ
α
L(k) (E3)
In Fig. 17 we show the Feyman graphs whereby a zero mode absorbs a virtual vector
with polarization µ(q) (absorption) and flips to a non-zero mode. The same rules apply for
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FIG. 16. Quark (A,B) and antiquark (C,D) zero modes entering and exiting an instanton labeled
by +.
a scalar or a pseudoscalar vertex with the polarization set to ±1. Following the definitions
established above, each of the vertex gives
Fig. 17A = (q) · V (q, k1) ≡
∫
d4x e−iq·xφ(x) (q)S(x, k1)
Fig. 17B = (q) · V (q,−k2) ≡
∫
d4x e−iq·xS(−k2, x) (q)K(x)
Fig. 17C = (q) · V (q,−k2) ≡
∫
d4x e−iq·xφ(x) (q)S(x,−k2)
Fig. 17D = (q) · V (q, k1) ≡
∫
d4x e−iq·xS(k1, x) (q)K(x) (E4)
The mixed Fourier transform of the zero mode propagator follows from (B2) using the
zero mode propagators
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FIG. 17. Quark (A,B) and antiquark (C,D) absorbing or emitting a vector photon in an instanton
background labeled by +.
S(x, y) =
(
S0(x− y)
(
1 + ρ2
Uxy¯U †
x2y2
)
+
ρ2σµ
4pi2
Ux(x¯− y¯)σµy¯U †
x2(x− y)2y4Πy
)
1
(ΠxΠy)
1
2
S(x, y) =
(
S0(x− y)
(
1 + ρ2
Uxy¯U †
x2y2
)
+
ρ2σµ
4pi2
Uxσµ(x− y)y¯U †
Πxx4(x− y)2y2
)
1
(ΠxΠy)
1
2
(E5)
The LSZ amputated parts of the vertices in Figs. 17A,B read
lim
k21→0
(q) · V (q, k1)(ik1) =
+(i2piρ
3
2 )U †
(
k1(q)
2k1 · q F (ρ
√
q2) +
(
(q + k1)(q)
(q + k1)2
− k1(q)
2k1 · q
)
F (ρ
√
(q + k1)2)
)
lim
k22→0
(−ik2)(q) · V (q,−k2) =
−(i2piρ 32 )
(
(q)k2
2k2 · q F (ρ
√
q2) +
(
(q)(q − k2)
(q − k2)2 −
(q)k2
2k2 · q
)
F (ρ
√
(q − k2)2)
)
U
(E6)
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respectively, and similarly for Figs. 17C,D with F (x) = xK1(x) in terms of the Mac-Donald
function.
Appendix F: Fierzing vector and scalar
Further rearrangements at the expense of length can be done using Fierzing to recom-
bine the color contractions., through the identity
(ψMφ) (ωNλ) = −1
4
∑
O
(ψOλ) (ωNOMφ) (F1)
with O = 1, γ5, γµ, iγ5γµ, iγµγν . More specifically, the subleading contributions in 1/Nc in
(76) can be cast in the form
eu ×
( −1
Nc(N2c − 1)
)(−1
4
)
×
[
2
(
uR(k2)dL(k2)
)(
dR(k1)(FV (q, k1) + FV (q,−k2))uL(k1)
)
−
(
uR(k2)γµγνdL(k2)
)(
dR(k1)γ
µγν(FV (q, k1) + FV (q,−k2))uL(k1)
)
+2
(
uR(k2)uL(k1)
)(
dR(k1)(FV (q, k1) + FV (q,−k2))dL(k2)
)
−
(
uR(k2)γµγνuL(k1)
)(
dR(k1)γ
µγν(FV (q, k1) + FV (q,−k2))dL(k2)
)]
(F2)
and
ed ×
( −1
Nc(N2c − 1)
)(−1
4
)
×
[
2
(
uR(k2)dL(k2)
)(
dR(k1)(FV (q, k1) + FV (q,−k2))uL(k1)
)
−
(
uR(k2)γµγνdL(k2)
)(
dR(k1)(FV (q, k1) + FV (q,−k2))γµγνuL(k1)
+2
(
uR(k2)uL(k1)
)(
dR(k1)(FV (q, k1) + FV (q,−k2))dL(k2)
)
−
(
uR(k2)γµγνuL(k1)
)(
dR(k1)(FV (q, k1) + FV (q,−k2))γµγνdL(k2)
)]
(F3)
The subleading contributions in 1/Nc in (84) can be Fierzed using (F1) with the result
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eu ×
(
− 1
Nc(N2c − 1)
)(
− 1
4
)
[(
uL(k2)γµuL(k1)
)(
dR(k1)γ
µFS(q,−k2)dL(k2)
)
−
(
uL(k2)γµγ
5uL(k1)
)(
dR(k1)γ
µγ5FS(q,−k2)dL(k2)
)
+2
(
dR(k1)dL(k2)
)(
uR(k2)FS(q, k1)uR(k1)
)
−
(
dR(k1)γµγνdL(k2)
)(
uR(k2)γ
µγνFS(q, k1)uR(k1)
)
+
(
uL(k2)γµdL(k2)
)(
dR(k1)γ
µFS(q,−k2)uL(k1)
)
−
(
uL(k2)γµγ
5dL(k2)
)(
dR(k1)γ
µγ5FS(q,−k2)uL(k1)
)
+2
(
uR(k2)d
i
L(k2)
)(
dR(k1)FS(q, k1)uR(k1)
)
−
(
uR(k2)γµγνdL(k2)
)(
dR(k1)γ
µγνFS(q, k1)uR(k1)
)]
(F4)
and
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ed ×
(
− 1
Nc(N2c − 1)
)(
− 1
4
)
[
2
(
uR(k2)uL(k1)
)(
dR(k1)FS(q,−k2)dR(k2)
)
−
(
uR(k2)γµγνuL(k1)
)(
dR(k1)γ
µγνFS(q,−k2)dR(k2)
)
+
(
dL(k1)γµdL(k2)
)(
uR(k2)γ
µFS(q, k1)uL(k1)
)
−
(
dL(k1)γµγ
5dL(k2)
)(
uR(k2)γ
µγ5FS(q, k1)uL(k1)
)
+
(
uR(k2)γµdR(k2)
)(
dR(k1)FS(q,−k2)γµuL(k1)
)
−
(
uR(k2)γµγ
5dR(k2)
)(
dR(k1)FS(q,−k2)γµγ5uL(k1)
)
+2
(
uR(k2)dL(k2)
)(
dL(k1)FS(q, k1)uL(k1)
)
−
(
uR(k2)γµγνdL(k2)
)(
dL(k1)FS(q, k1)γµγνuL(k1)
)]
(F5)
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